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Abstract. Fiber-reinforced polymers (FRPs) are a widely used and growing material in industry, 
thanks to their excellent mechanical properties. Manufactured FRPs parts usually have thin walls. 
These parts also require finishing operations such as edge trimming. Problems like those 
encountered when machining thin metal parts are also encountered with FRPs: form error, chatter 
vibrations and poor surface finish. However, the study and numerical modelling of thin FRP parts 
are not well developed up to now. The aim of this paper is to demonstrate the feasibility of adapting 
a numerical model for metals to FRPs. The modelling of the shape error during the thinning of a 
CFRP (Carbon Fiber Reinforced Polymers) part is studied in this paper using a quasi-static 
analysis. Compared to metals, two adaptations are introduced here for the FRPs. First, the material 
properties are adapted from isotropic to orthotropic. Secondly, a mechanical model was applied to 
calculate cutting forces for FRPs. The results of the study show the feasibility of this adaptation 
and examination of form error in the case of FRPs. 
Introduction 
Fiber-reinforced polymers (FRPs) are excellent material owning a high strength to weight ratio 
and the performance of high toughness, good fatigue resistance and shock absorption, and strong 
designability [1]. However, FRPs forming techniques often result in the production of thin-walled 
parts. It is therefore important to consider the parts’ flexibility when machining them, particularly 
when milling. On the one hand, the numerical simulation of flexible metal parts has been explored 
in numerous studies [2–4]. On the other hand, other studies have explored the numerical simulation 
of the machining of FRPs parts ([1] published a review on this subject in 2021). In addition, some 
articles, for example [5], have studied subjects already well known for metals, such as chattering, 
in the case of composites. However, to the authors’ knowledge, no article has studied the numerical 
simulation of milling operations on flexible composite parts. Ciecieląg et al. [6] studied the milling 
of flexible composite parts, but only experimentally. 

To simulate the behaviour of a thin plate during milling, it is necessary to compute the cutting 
forces. There are 4 categories of models for calculating cutting forces in milling for unidirectional 
FRPs (UD-FRPs): mechanistic models, macro-mechanical models, micro-mechanical models, and 
numerical models. Mechanistic models are semi-empirical models. They are the most intuitive 
method to optimize cutting parameters and tool geometries, but they require a lot of time-
consuming experiments to ensure the accuracy and applicability [7]. However, the calculation time 
after obtaining the cutting coefficients is short. Macro-mechanical models consider the material as 
an equivalent homogeneous material. They can help to optimize cutting parameters and to reduce 
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cutting forces as models can describe the interaction “cutting tool/FRP”, but they cannot describe 
the microchip formation process [7]. Micro-mechanical models consider the composite in all its 
details (fibres and matrix). Compared with macro-mechanical models and mechanistic models, 
micro-mechanical models can predict the cutting force by the physical essence of cutting of FRPs 
based on microscopic characteristics of FRPs, but the models need many parameters and details, 
which are difficult to be calibrated by measurements [7]. Thus, applications of these models have 
great limitations. Numerical models are mainly based on finite element methods (FEM) [8, 9] 
(discrete element models (DEM) do exist but are in the minority [10]). The main advantages of 
these models are that they save a lot of manpower and material resources, and that the cutting 
process can be described more accurately, but numerical models are limited by computer power 
and finite element theory [7]. Indeed, these models require more resources and computing time 
than the other models.  

In this study, a quasi-static approach and a mechanistic model are used. This quasi-static 
approach is intended to deal with form error during chatter-free machining operations. It is used 
to compute form error (vibration problems are negligible). The dynamic system is considered as 
purely static to predict deformation during machining [4]. A quasi-static method is used to reduce 
calculation time compared with full dynamic simulation. To achieve this, the finite element 
modeling of the thin plate and the modeling of cutting forces for an orthotropic material such as 
FRPs need to be implemented. A mechanistic cutting forces model will be considered. The aim of 
this article is to demonstrate the feasibility of studying the form error in CFRPs milling process. 
Case study  
The case studied is the lateral milling (up or down milling) of a thin unidirectional carbon fiber 
reinforced polymer (UD-CFRP) laminated plate. It is a plate thinning operation.  

The plate, of thickness e, consists of a superposition of plies of thickness ep. Each ply is made 
up of unidirectional carbon fiber (represented in blue in Fig. 1) and of matrix in epoxy (surrounding 
the fibers). The fibers are oriented along the longitudinal axis l. The t axis is transverse to the 
fibers. The axes l and t form the local frame lt. The fiber orientation angle ψ is the angle between 
the local frame lt and the global frame XZ (Fig. 1). In this case, the fiber orientation angle ψ is 0°: 
the fibers are oriented horizontally. The local frames lt of the plies are therefore merged with the 
global frame XZ. 

Figure 1: UD-FRP ply, frame convention 
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The plate, contained in the XZ plane, is made up of n plies of thickness ep (Fig. 2). A cross-
section of the plate in the XY plane is shown in Fig. 3. Each ply (shown in a shade of grey in Fig. 
2) has a carbon fiber (shown in blue in Fig. 2) oriented along the X axis (since ψ = 0°). 

Figure 2: Ply stacking and view in the XY plane of milling 
The feed direction is along the X axis (Fig. 3). The feed direction is therefore the same as the 

direction of orientation of the fibers. In other words, the cutter’s axis is perpendicular to the fibers’ 
axis for each ply. This is the major assumption of the developed model in link with the cutting 
forces calculation model. The plate is clamped by its base. The radial depth of cut ae is less than 
the thickness of the plate e. 

Figure 3: Milling of a thin CFRP laminated plate 
Modelling of the milling process 
The milling model for the case studied is based on a milling simulator for isotropic metallic thin 
plates. This simulator named DyStaMill was developed by Prof. Rivière-Lorphèvre and is 
presented in Huynh et al. [11]. It was therefore necessary to adapt this simulator for the case study: 
machining a thin composite plate. Two essential points had to be adapted: 

1. The finite element thin plate model for an orthotropic material such as FRPs. 
2. The cutting model for unidirectional composite milling. 
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Mechanical properties of CFRPs: The mechanical properties of a UD-FRP ply can be expressed 
directly as a function of the mechanical characteristics of the fibres (f) and the matrix (m) (Eq. 1-
5) and the volume of fiber (Vf) using mixing laws [12]. The modulus of elasticity in the fibre 
direction El and in the transverse direction Et are expressed in Eq. 1 and Eq. 2. These properties 
are a function of the modulus of elasticity of the fibre in the longitudinal Ef,l and transverse Ef,t 
directions and the modulus of elasticity of the matrix Em. 

𝐸𝐸𝑙𝑙 =  𝐸𝐸𝑓𝑓,𝑙𝑙𝑉𝑉𝑓𝑓 +  𝐸𝐸𝑚𝑚(1 −  𝑉𝑉𝑓𝑓) (1) 

𝐸𝐸𝑡𝑡 =  𝐸𝐸𝑚𝑚
�1− 𝑉𝑉𝑓𝑓� + 𝐸𝐸𝑚𝑚𝐸𝐸𝑓𝑓,𝑡𝑡

𝑉𝑉𝑓𝑓
 (2) 

The Poisson’s ratio υlt is expressed in Eq. 3. It is a function of the Poisson’s ratio of the fibre υf 
and the matrix υm. 

𝜐𝜐𝑙𝑙𝑡𝑡 =  𝜐𝜐𝑓𝑓𝑉𝑉𝑓𝑓 +  𝜐𝜐𝑚𝑚(1 −  𝑉𝑉𝑓𝑓)  (3) 

By symmetry property, the Poisson’s ratio υtl is expressed in Eq. 4:  

𝜐𝜐𝑡𝑡𝑙𝑙 =  𝜐𝜐𝑙𝑙𝑡𝑡
𝐸𝐸𝑡𝑡
𝐸𝐸𝑙𝑙

 (4) 

The shear modulus Glt is expressed in Eq. 5. It is a function of the fibre shear modulus Gf,lt and 
the matrix shear modulus Gm. 

𝐺𝐺𝑙𝑙𝑡𝑡 =  𝐺𝐺𝑚𝑚
�1− 𝑉𝑉𝑓𝑓� + 𝐺𝐺𝑚𝑚𝐺𝐺𝑓𝑓,𝑙𝑙𝑡𝑡

𝑉𝑉𝑓𝑓
   (5) 

Dynamic response of thin orthotropic plate: The finite element model developed in DyStaMill 
is based on the thin plate model presented by Zienkiewicz [13]. This finite element model allows 
to compute the dynamic response of the thin plate subjected to bending. The main assumption is 
to consider only the flexibility of the workpiece. Indeed, the CNC milling machine has a greater 
rigidity than the workpiece. The dynamic behavior of the tool/CNC milling machine can therefore 
be neglected. 2D plate type elements are used. They are composed of four nodes with three degrees 
of freedom for each of them (out of plane displacements and bending). 

The description of the dynamic system can be expressed in a global equation (Eq. 6) and can 
be solved as explained in [4] :  

[𝑀𝑀]{�̈�𝑥} +  [𝐶𝐶]{�̇�𝑥} +  [𝐾𝐾]{𝑥𝑥} = {𝑓𝑓}  (6) 

[M], [C] and [K] are mass, damping and rigidity matrices, {x} is the vector containing 
configuration parameters (the three degrees of freedom per node as described previously) and {f} 
the forces acting on the system. 

For a quasi-static analysis, the equation becomes (Eq. 7): 

[𝐾𝐾]{𝑥𝑥} = {𝑓𝑓}  (7) 

It is possible to build the stiffness matrix K for a rectangular element (Eq. 8) [13] : 

𝐾𝐾 =  1
60𝑎𝑎𝑎𝑎

𝐿𝐿{𝐷𝐷𝑥𝑥𝐾𝐾1 + 𝐷𝐷𝑧𝑧𝐾𝐾2 + 𝐷𝐷1𝐾𝐾3 + 𝐷𝐷𝑥𝑥𝑧𝑧𝐾𝐾4 }𝐿𝐿  (8) 



Material Forming - ESAFORM 2024  Materials Research Forum LLC 
Materials Research Proceedings 41 (2024) 2041-2049  https://doi.org/10.21741/9781644903131-225 

 

 
2045 

a and b are related to the dimensions of the rectangular element. The matrices K1, K2, K3, K4 
and L are intermediate matrices in the construction of the stiffness matrix K. Dx, Dz, Dxz and D1 are 
elements of the elasticity matrix DXZ in the global reference XZ (fig. 3). The matrix DXY is defined 
for an orthotropic material by Eq. 9 [14] : 

𝐷𝐷𝑥𝑥𝑧𝑧 =    �
𝐷𝐷𝑥𝑥 𝐷𝐷1,𝑥𝑥𝑧𝑧 0
𝐷𝐷1,𝑥𝑥𝑧𝑧 𝐷𝐷𝑧𝑧 0

0 0 𝐷𝐷𝑥𝑥𝑧𝑧
�   (9) 

The elasticity matrix Dlt of the ply in its local frame lt is expressed by Eq. 10. In the case studied, 
as the fibre orientation angle ψ is zero, the elasticity matrices in the local and global reference 
frames are identical. 

𝐷𝐷𝑙𝑙𝑡𝑡 =  𝐷𝐷𝑥𝑥𝑧𝑧  =    �
𝐷𝐷𝑙𝑙 𝐷𝐷1,𝑙𝑙𝑡𝑡 0
𝐷𝐷1,𝑙𝑙𝑡𝑡 𝐷𝐷𝑡𝑡 0

0 0 𝐷𝐷𝑙𝑙𝑡𝑡
� (10) 

The components of the elasticity matrix are defined by Eq. 11. These expressions are valid for 
the case of a laminate of thickness e with all its plies oriented horizontally (Fig. 3). 

𝐷𝐷𝑙𝑙 = 𝐸𝐸𝑙𝑙
1−𝜐𝜐𝑡𝑡𝑙𝑙𝜐𝜐𝑙𝑙𝑡𝑡

𝑒𝑒3

12
 , 𝐷𝐷𝑡𝑡 = 𝐸𝐸𝑡𝑡

1−𝜐𝜐𝑡𝑡𝑙𝑙𝜐𝜐𝑙𝑙𝑡𝑡

𝑒𝑒3

12
 , 𝐷𝐷𝑙𝑙𝑡𝑡 = 𝐺𝐺𝑙𝑙𝑡𝑡

𝑒𝑒3

12
 , 𝐷𝐷1,𝑙𝑙𝑡𝑡 = 𝜐𝜐𝑙𝑙𝑡𝑡𝐸𝐸𝑙𝑙

1−𝜐𝜐𝑡𝑡𝑙𝑙𝜐𝜐𝑙𝑙𝑡𝑡

𝑒𝑒3

12
 ,  (11) 

Cutting force model for composite material: The new mechanistic cutting forces model 
implemented in the DyStaMill software is the model developed by Mullin et al. [15]. The 
expression of the cutting force applied in radial (Eq. 12) and tangential (Eq. 13) directions is similar 
to Altintas’ model [16].  

𝑑𝑑𝑑𝑑𝑟𝑟(𝜑𝜑) =  𝐾𝐾𝑟𝑟𝑟𝑟(𝛽𝛽) ℎ 𝑑𝑑𝑑𝑑 +  𝐾𝐾𝑟𝑟𝑒𝑒(𝛽𝛽) 𝑑𝑑𝑑𝑑  (12) 

𝑑𝑑𝑑𝑑𝑡𝑡(𝜑𝜑) =  𝐾𝐾𝑡𝑡𝑟𝑟(𝛽𝛽) ℎ 𝑑𝑑𝑑𝑑 +  𝐾𝐾𝑡𝑡𝑒𝑒(𝛽𝛽) 𝑑𝑑𝑑𝑑  (13) 

Altintas’ model considers two contributions in both directions (radial r and tangential t). The 
first ones are related to friction in the primary shear zone: a function of the radial and tangential 
cutting force coefficient, respectively Krc and Ktc, the instantaneous uncut chip thickness h and the 
height of a tool edge dz. The second ones consider the effect of friction in the secondary shear zone 
and is a function of the radial and tangential edge force coefficient, respectively Kre and Kte, and 
the local segment dS of the cutting edge. However, cutting (Krc and Ktc) and edge (Kre and Kte) 
coefficients vary according to the instantaneous fiber cutting angle β (Eq. 14). 

𝐾𝐾𝑖𝑖𝑖𝑖(𝛽𝛽) =  𝐶𝐶0
𝑖𝑖𝑖𝑖 +  𝐶𝐶1

𝑖𝑖𝑖𝑖 𝑐𝑐𝑐𝑐𝑐𝑐(2𝛽𝛽) + 𝑑𝑑1
𝑖𝑖𝑖𝑖 𝑐𝑐𝑠𝑠𝑠𝑠(2𝛽𝛽)  𝑤𝑤𝑠𝑠𝑤𝑤ℎ 𝑠𝑠 = 𝑤𝑤, 𝑟𝑟 𝑎𝑎𝑠𝑠𝑑𝑑 𝑗𝑗 = 𝑐𝑐, 𝑒𝑒  (14) 

The method for identifying the coefficients and their values is given in [15]. These values are 
only valid for the tool/material pair used in [15]: a 2-flute Tungsten Carbide end mill with 9.525 
mm (3/8 inch) diameter and 3° normal rake angle and UD-CFRP (alternating 0° and 90° 
directions). 
Numerical results 
The composite used is a UD-CFRP with a “High Resistance” (HR) and an epoxy resin. The 
mechanical properties of the fibres and the matrix studied are given in Tab. 1. 
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Table 1: Material properties (fiber and matrix) 

Property Value 
Carbon fiber HR [12] 

Fiber volume Vf [%] 60 
Elasticity’s modulus in the fibre direction Ef,l [GPa] 230 
Elasticity’s modulus in the transverse direction Ef,t [GPa] 15 
Poisson’s ratio υf [-] 0.3 
Fibre shear modulus Gf,lt [GPa] 50 

Epoxy matrix [17] 
Elasticity’s modulus Em [GPa] 4.2 
Poisson’s ratio υm [-] 0.34 
Matrix shear modulus Gm [GPa] 1.567 

The standard thickness of a unidirectional ply of “High Resistance” (HR) carbon fibre is 0.13 
mm [12]. The number of stacked plies varies from 20 to 40 plies in steps of 10 plies. The thickness 
of the plates studied therefore varies from 2.6 to 5.2 mm in steps of 1.3 mm. The dimensions of 
the plate are 100 x 31.4 mm (L x h). The plate has 50 elements horizontally and 20 elements 
vertically. The tool used is a 2-flute Tungsten Carbide end mill. The diameter of the mill Dc is 
9.525 mm (3/8 inch). The properties of the plates and the tool studied, are listed in Tab.2. 

 
Table 2: Plate and tool properties 

Property Value 
Plate 

Thickness of a UD-CFRP ply ep [mm] 0.13 
Number of plies nplies  20 – 30 – 40 
Thickness of the plate e [mm] 2.6 – 3.9 – 5.2 
Length of the plate L [mm] 100 
Height of the plate h [mm] 31.4 
Number of elements horizontally 50 
Number of elements vertically 20 

Tool 
Number of flutes 2 
Cutting diameter of the tool Dc [mm] 9.525 
Normal rake angle [°] 3 

In terms of cutting conditions, the axial depth of cut ap was set at 10 mm. The radial depth of 
cut ae is equal to half the plate thickness (variable between 1.3 and 2.6 mm). The cutting speed vc 
is fixed at 5000 rpm. The feed per tooth fz is variable between 0.02 and 0.1 mm/th in steps of 0.02 
mm/th. These cutting parameters are listed in Tab.3. 

 
Table 3: Cutting parameters 

Property Value 
Axial depth of cut ap [mm] 10 
Radial depth of cut ae [mm] 1.3 – 1.95 – 2.6 
Cutting speed vc [rpm] 5000 
Feed per tooth fz [mm/th] 0.02 – 0.04 – 0.06 – 0.08 – 0.1 
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The deformation is calculated for the various cases. Fig. 4 shows the deformation of the 2.6 mm 
thick plate when the tool enters the material at the top left corner. The shape of this deformation is 
similar for all the cases studied. Only the amplitude of the deformation varies and is explained 
below. 

Figure 4: Deformation of the 2.6 mm plate with cutting tool at the upper left corner 
Fig. 5 shows the average cutting force and the maximum deformation of a 2.6 mm plate as a 

function of the milling position. Fig. 5.a shows the maximum deformation for a 2.6 mm thick plate 
with a tooth feed variable between 0.02 mm/th and 0.1 mm/th in steps of 0.02 mm/th. The 
maximum deformation of the plate is reached at the ends of the plate (when x is equal to 0 or 100 
mm). This deformation increases as the feed per tooth increases. It varies between 0.240 mm for a 
tooth feed of 0.02 mm/th and 0.494 mm for a tooth feed of 0.1 mm/th. This is because the average 
cutting force increases as the feed per tooth increases (Fig. 5.b). Between 0 and 50 mm, the cutting 
force increases. This is because the deformation decreases between 0 and 50 mm (Fig. 5.b), which 
increases the radial cutting depth ae and therefore the cutting force. Between 50 and 100 mm, the 
opposite effect occurs, as the deformation increases, resulting in a decrease in the radial cutting 
depth ae and therefore a reduction in the cutting force. The same trend can be observed for the 
other plate thicknesses.  

a) Maximum deformation   b)  Average cutting force 
Figure 5: Spatial evolution for a 2.6 mm thick plate 
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Fig. 6 shows the spatial evolution of the average cutting force and maximum deformation for 
fixed cutting conditions (feed per tooth of 0.02 mm/th). The trends are similar to those shown in 
Fig. 5. Furthermore, the thicker the plate, the greater the cutting force, since the radial depth of cut 
is equal to half the plate thickness. Even if the cutting force increases, the maximum deformation 
decreases as the plate thickness increases. This is due to the increase in plate stiffness as plate 
thickness increases. The same trend can be observed for the other feed rate. 

a) Maximum deformation      b)  Average cutting force 
Figure 6: Spatial evolution for a feed rate of 0.6 mm/th 

In conclusion, the behaviour of the plates for the different study cases is similar. The levels of 
cutting forces and deformation are different according to thickness and feed rate. However, they 
follow the same trends. 
Conclusions 
As FRPs are increasingly used materials, it is important to study their behavior during the thin 
plate milling operation. The main goal of this paper is to adapt models for calculating form error 
during thin metal plate milling to FRPs. The introduced modifications make it possible to calculate 
the form error for the case studied: a UD-CFRP laminate with all its plies oriented in the feed 
direction. 

In addition to experimental validation, the outlook for this work is to improve the model to 
generalize the case studied. Indeed, the finite element model must be generalized for an anisotropic 
material (fiber orientation angle different from 0°) or for mirror laminate, an equivalent orthotropic 
material (as many plies in the ψ direction as -ψ). In addition, edge trimming operations, with the 
axis of the milling cutter perpendicular to the plate, need to be studied. 
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