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Abstract. The constant pressure free-inflation test is a very versatile and simple tool for analyzing 
different features of superplastic forming. In recent years, different methods have been proposed 
to measure constitutive parameters of the stress–strain relationship for the superplastic material, 
specifically the K and m parameters of the power law model. However, this law is restricted to be 
used in narrow strain-rate ranges, and poor results are obtained when applied in a broader 
spectrum. To overcome this problem, numerous constitutive models covering the full strain-rate 
range applicable in superplastic forming have been proposed historically, including the hyperbolic 
sine equation. However, there is no clear consensus on the type of hyperbolic sine function to use. 
Some authors include a sensitivity parameter while others do not. This article aims to study the 
characteristics of the hyperbolic sine constitutive model, checking which of the historically 
proposed models achieves better results in the test at free deformation and constant pressure.  
Introduction 
It is well known the multi-variable complexity of the superplastic behavior and its dependency on 
so many factors, such as temperature, microstructure, deformation, strain rate or degradation of 
the material itself [1]. This makes modelling a complex task and continuous studies are carried out 
to improve the accuracy and consistency [2–4]. 

The behavior of a material in its superplastic regime can be extracted, as is usual, from tensile 
tests where the sample is subjected to a constant strain rate and the stress versus strain is contrasted 
[5]. Thus, the flow stress dependence of the strain rate is normally characterized by the sensitivity 
index m.  

 

𝑚𝑚 =
𝜕𝜕 log𝜎𝜎
𝜕𝜕 log 𝜀𝜀̇

 (1) 

 
This is taken as a parameter (between 0.3 and 0.7) for the quality of the superplastic behavior, 

providing shorter forming times and smaller final thickness gradients for higher values [6]. Thus, 
it is also common to express the behavior of the material as a flow stress function of the strain rate. 
Where the parameter m is related as the slope in the logarithmic variant of this graph. So it can be 
expressed as a potential law adding two material constants (K, m) 

 
𝜎𝜎 = 𝐾𝐾𝜀𝜀̇𝑚𝑚 (2) 

 
Alternatively, the importance of m can be understood changing (2) by introducing an apparent 

viscosity variable 𝜇𝜇𝑎𝑎 [7], such as 
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𝜎𝜎 = 𝜇𝜇𝑎𝑎𝜀𝜀̇ (3) 
 
Thus, it is straightforward to associate the behavior of the material and its strain-rate 

dependence with the apparent viscosity variable  
 
𝜇𝜇𝑎𝑎 = 𝐾𝐾𝜀𝜀̇𝑚𝑚−1 (4) 

 
such that if it is plotted versus the strain rate, Fig. 1, it is observed that the higher the value of 

m, the more homogeneous the behavior in the strain-rate range. 
 

 
Fig 1. Effect of the m parameter on the apparent viscosity material variable. A higher value of m 
provides a more homogeneous behavior in the strain-rate range. Values for a titanium alloy at 

800 (m=0.328) and 850 ºC (m=0.713 and m=0.673)  
However, as it was previously mentioned, the material is highly dependent on the strain rate. 

Thus, the ability to model the behavior of the material through a constant-parameter potential 
equation is only valid for a given range of strain rate, where the behavior can be fitted to a straight 
line on the logarithmic scale. As the constitutive equation moves away from the actual behavior of 
the material, the ability to replicate real examples in computational models is reduced, increasing 
the discrepancy between the two.  

In order to match the material behavior over a wider strain-rate range, different constitutive 
models have historically been proposed: polynomial forms [8], unified constitutive equations 
including microstructure evolution models [2,9] or anisotropy plus grain size models [10]. [11] 
can be consulted for a summary of different constitutive models. 

Of all these models, the hyperbolic sine model illustrates the natural step of development from 
the potential law, as it allows the strain-rate range to be widened without introducing further 
parameters into the model. It represents an essentially phenomenological model which tries to 
replicate by means of an equation the behavior of the material collected on the S-curve.  

Sellars in 1966 [12] proposed a constitutive model for hot deformation where the strain rate is 
related to a hyperbolic sine function of the flow stress, where in addition the effect of temperature 
is introduced by an exponential term of the activation energy.  

 

𝜀𝜀̇ = 𝐴𝐴(sinh𝛼𝛼𝛼𝛼)𝑛𝑛𝑒𝑒�−
𝑄𝑄
𝑅𝑅𝑅𝑅� (5) 
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Lin in 1993 [13] proposed a similar model, excluding the exponential term, for creep including 
damage variables 𝜔𝜔. Additionally, his model is extended to a multi-axial formulation by defining 
a potential dissipation energy hyperbolic cosine function. 

 
𝜀𝜀̇ = 𝐴𝐴 sinh(𝐵𝐵𝐵𝐵)𝑓𝑓(𝜔𝜔) (6) 

 
In 1997, Dunne [14] points out the need to move from the potential model to the hyperbolic 

sine model if the strain rate range of the constitutive model is to be extended. He also proposes the 
inclusion of a grain size evolution term. 

 
𝜀𝜀̇ =

𝛼𝛼
𝑑𝑑𝛾𝛾

sinh(𝛽𝛽𝛽𝛽) (7) 
 
This same model is then used by Lin in 2001 [15] to characterize the titanium alloy Ti-6Al-4V 

with determination of constants by genetic algorithm. The microstructural part of this model was 
further developed in 2005 [9]. Zhang in 2004 [16] returned to Sellar's model and related the values 
of the exponential parameter to the α and m parameters. In 2006, Bonet [17] proposed a slight 
modification of the previous model where the exponential affects the hyperbolic sine function and 
not its argument. 

 

𝜎𝜎 = 𝜎𝜎𝑜𝑜 �sinh−1 �
𝜀𝜀̇
𝜀𝜀𝑜̇𝑜
��
𝑚𝑚

 (8) 

 
More recently Yang in 2020 [18] and Mosleh in 2021 [19] have incorporated the hyperbolic 

sine model into more complex models where potential, exponential and hyperbolic sine laws are 
coupled to characterize the material over a wide range of strain rate. This leads to an increase in 
the required number of parameters and their subsequent determination. 

 

𝜀𝜀̇ = 𝐴𝐴[sinh(𝛼𝛼𝛼𝛼)]𝜂𝜂𝑒𝑒�−
𝑄𝑄
𝑅𝑅𝑅𝑅� (9) 

 
The aim of this work is to carry out a comparative study of the different hyperbolic sine models 

historically proposed to describe the superplastic behavior over a wide strain rate range with a 
number of parameters equal to or less than three. More complex multifunctional models or models 
with a description of the evolution of the microstructure are discarded. In order to do so, a brief 
theoretical assessment of the models studied is first made. Then, from a series of tests on AZ31 
magnesium alloy at 450 ºC, the parameters for each model are extracted. These values are 
introduced into the constitutive model of the material in a finite element code to computationally 
obtain the forming time. This value is then compared with the experimental values to verify the 
model. 
Methodology 
a) Theoretical framework. The different constitutive models previously presented are summarized 
in only three options. The terms relating to temperature are not taken into account, as single 
temperature tests are studied, and those relating to microstructural evolution are also omitted since, 
due to the characteristics of the method for extracting the behavior of the material [7], this 
parameter is implicitly included. 
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Thus, the models to be compared are: 
 

𝜎𝜎 = 𝜎𝜎𝑜𝑜 �sinh−1 �
𝜀𝜀̇
𝜀𝜀𝑜̇𝑜
��
𝑚𝑚∗

 (10) 

 

𝜎𝜎 = 𝜎𝜎𝑜𝑜 sinh−1 ��
𝜀𝜀̇
𝜀𝜀𝑜̇𝑜
�
𝑚𝑚∗

� 
(11) 

 
 

𝜎𝜎 = 𝜎𝜎𝑜𝑜 sinh−1 �
𝜀𝜀̇
𝜀𝜀𝑜̇𝑜
� (12) 

 
 

The different models have been combined into only three constitutive equations (10), (11) and 
(12) including a stress-related parameter 𝜎𝜎𝑜𝑜, a strain-rate-related parameter 𝜀𝜀𝑜̇𝑜, and a third 
exponential parameter 𝑚𝑚∗, where 𝑚𝑚∗ is used to differentiate from the parameter used for the 
potential function (2) and which is well defined in (1). To obtain the relationship between m* and 
the sensitivity index, the expression (11) can be changed to 

 

sinh �
𝜎𝜎
𝜎𝜎𝑜𝑜
� = �

𝜀𝜀̇
𝜀𝜀𝑜̇𝑜
�
𝑚𝑚∗

 
 

(13) 
  
  

Given that the Taylor expansion of the hyperbolic sine function is  
 

sinh(𝑥𝑥) = 𝑥𝑥 +
𝑥𝑥3

3!
+
𝑥𝑥5

5!
+ ⋯ 

 
(14) 

  
  

Equation (13) can be simplified for small stress values as 
 
 

sinh �
𝜎𝜎
𝜎𝜎𝑜𝑜
� ≅

𝜎𝜎
𝜎𝜎𝑜𝑜

= �
𝜀𝜀̇
𝜀𝜀𝑜̇𝑜
�
𝑚𝑚∗

 
 

(15) 
  
  

arriving at the same potential function with value 𝐾𝐾 =  𝜎𝜎𝑜𝑜 𝜀𝜀𝑜̇𝑜𝑚𝑚
∗� . Therefore, it can be concluded 

that 𝑚𝑚∗ = 𝑚𝑚 when 𝜎𝜎 → 0. In other words, 𝑚𝑚∗ is the slope of the hyperbolic sine function for low 
stress values and can be then related to the sensitivity index. This same development can be 
followed with identical result for (10). 
 
b) Experimental procedure. Experimental tests were carried out on disc specimens on a cylindrical 
mold of 22.5 mm radius and 3 mm entry radius. The sheets, with an initial thickness of 0.75 mm, 
were preheated at 450 ºC and subjected to 0.2, 0.25, 0.35, 0.5 and 0.75 MPa constant pressure 
[7,20], Table 1. The output variable to be studied is the evolution of the height at the central point 
and specifically the time when the height equals the mold radius. A final dome configuration is 
expected at this point. Forming time experimental values are included in Table 1 together with the 
values of K and m. A progressive decrease of m is observed as higher strain-rate values are reached. 
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Table 1. Summary table of trials including estimative values of K and m 

External Pressure [MPa] Forming time [s] 𝐾𝐾 [𝑀𝑀𝑀𝑀𝑀𝑀 ∙ 𝑠𝑠𝑚𝑚] m 
0.2 3403 565.2 0.544 
0.25 2435 565.2 0.544 
0.35 1185 565.2 0.544 
0.5 423 171.2 0.391 
0.75 87 70.6 0.267 

 
With these five tests and following the methodology described in [7], five corresponding values 

of stress and strain rate are obtained to characterize the material by plotting the hyperbolic sine 
law that best match the material behavior. Higher pressure from [20] were neglected from the study 
since they are relative fast processes where transient periods are important and the aforementioned 
method is less accurate. Using the Matlab [21] curve-fitting application, the following parameter 
values are obtained for the hyperbolic sine models, where the R2 value is attached, Table 2. Fig. 2 
shows how these three models adjust to experimental values of stress and strain-rate.  
 

 
Fig 2. Adjustment of hyperbolic sine models to experimental values 

 
Table 2. Numerical values for the three models’ parameters 

Model 𝜎𝜎𝑜𝑜 [𝑀𝑀𝑀𝑀𝑀𝑀] 𝜀𝜀𝑜̇𝑜 [𝑠𝑠−1] m* R2 

(10) 12.72 0.00144 0.4567 0.998 
(11) 7.416 0.00033 0.5932 0.999 
(12) 3.872 0.00012  0.996 

 
The reason for using a hyperbolic sine function is illustrated in Fig. 2, in order to accommodate 

processes with a wide strain-rate range, from  ̴10-4 to  ̴10-2. For narrower ranges, e.g. those obtained 
for [0.2-0.5] MPa, the hyperbolic sine closely matches a typical potential function and its results, 
so its use is less justified. 
 
c) FEM simulations. The three hyperbolic sine models are then tested under Marc Mentat FE code 
using an axisymmetric finite element model, with constant pressure and static analysis, considering 
that the dynamic effects are negligible [22], and with a termination criterion when the central node 
is displaced by 22.5 mm. 0.25 mm length quadratic elements are used through the blank thickness. 
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Finally, the material model is added externally by means of a simple Fortran routine. Fig. 3 depicts 
an example of the strain-rate evolution during five simulation times for 0.5 MPa. 
 

 
Fig. 3. Strain-rate evolution at five stages during a 0.5 MPa test 

Results and Discussions 
Table 3 shows the comparative results, for the five pressure values, between the experimental 
forming time and the three computational forming times using models (10), (11) and (12) together 
with the parameters in Table 2. 
 

Table 3. Forming time results 

External 
Pressure [MPa] 

Forming Time [s] 
Experimental (10) (11) (12) 

0.2 3403 3035 3226 2776 
0.25 2435 1835 2051 1900 
0.35 1185 828 865 914 
0.5 423 296 201 295 
0.75 87 37 11 

 
44 

 
These values are shown graphically in Fig. 4. A number of remarks can be drawn from these 

results: 
• None of the three models performs significantly better than the others. Even the 2-

parameter model presents time estimations of the same order as the models where the 
exponent term is included. 

• The relative deviation from the experimental values shows a positive trend as the 
external pressure increases. 

• All three models present an underestimation of the forming time, i.e. they predict a lower 
time than the real one. This may be due, as shown in Fig. 2, to the fact that all three 
models predict a higher strain rate for the reference stress values for the five tests. 
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Fig. 4. Forming time versus external pressure 

 
On this last observation, it should be added that this behavior is mainly seen in the pressure 

range from 0.2 to 0.5 MPa, Fig. 5. However, for the 0.75 MPa test, a sudden softening in the final 
stage of forming must be included, Fig. 6. This unexpected behavior can also be seen in Fig. 7 
where the final shape is compared for pressures of 0.5 and 0.75 MPa. For the latter test, the final 
shape departs from a dome pattern. 
 

 
Fig. 5. Center sample height evolution for 0.2 and 0.35 MPa 
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Fig. 6. Center sample height evolution for 0.75 MPa 

 
 

 
Fig 7. Final configuration for tests at 0.5 and 0.75 MPa. The color scheme represents the 

horizontal displacements. 
Conclusions 
In view of the results obtained following the methodology described above, the next conclusions 
can be drawn: 

• The three proposed models give similar results. In other words, the inclusion of a third 
parameter in the form of an exponent does not provide significant improvements. 

• In case such an exponent is used, it seems desirable to avoid confusion with the 
sensitivity index m, with a different nomenclature, since, as previously developed, its 
relationship is limited to stress values tending to 0, where SPF processes are not 
common. 

• All three models overestimate the strain-rate values over the flow stress. It seems 
necessary to corroborate whether this trend is repeated for other materials in future 
work. 

• The values of forming time obtained computationally present a first estimation with 
values in the order of the experimental time with errors ranging from 10% to 50%. It is 
also observed that these values increase progressively as the external pressure increases. 

• It seems also necessary, in future work, to study if the inclusion of an additional 
parameter allows correcting this overestimation of the strain rate in order to improve the 
model. 
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• For higher strain rate values, i.e., approximately 10-2 s-1 and an approximate forming 
time of 100 s, anomalous behavior is observed in the FEM model, which requires a 
separate study to correct the finite element model and achieve more stable behavior for 
larger strain-rate ranges. 
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