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Abstract. There are always debates on the use of power law to model flows having a local zero 
shear rate. This paper uses an original method to define a functional shear rate range with respect 
to the flow condition and identify an equivalent power law from a Cross-law fluid. The numerical 
and experimental results are compared to show the ability of the power law to model a flow having 
a low-shear region.  
Introduction 
Different viscosity models exist to represent the rheology behavior of polymers. The most simple 
behavior law for non-Newtonian materials is the power law [1,2]. The shortcoming of the power-
law model to describe the viscosity at the zero shear rate was pointed out by several studies [3,4]. 
Some authors claim that the power law can be used with particular attention to the shear stress 
range [5], while some just use more complex models such as the Cross model [6] and the Carreau 
model [7] which better describe the low-shear regime. 

The power law cannot be totally abandoned. Although the simplifications that the power law 
(compared to other complex viscosity models) can provide in numerical studies may seem small, 
it can still bring clarity for sensitivity analyzes [8] or facilitate the development of analytical 
formulations. It is important to know whether the power law can be used when a low-shear region 
exists in the flow. 

In this paper, a power law, fitted to a Cross law for a specific shear rate range by an innovative 
thermo-rheological method [8], is used to model an annular polymer flow. The Cross law is also 
used to model the same flow for comparison. An experimental annular device [9] is used to 
measure the flow temperature variation due to viscous dissipation. The temperature measurements 
are compared to the predictions of the viscosity models. The numerical simulation results for the 
shear rate, viscosity, shear stress and velocity in the flow are compared as well. 
Flow Geometry 
We propose to perform analyzes on an annular polymer flow, which can be studied by using a 
Thermo-Rheo Annular Cell (TRAC) [9]. The structure of the TRAC is presented in Fig. 1, with 
thermocouples 𝑇𝑇1−4 installed on its central axis for flow temperature measurements. The polymer 
flow enters the duct from the left of the figure and is guided to the annular part (𝑧𝑧 ≥ 0) by a 45° 
cone. The outlet is on the right side (Fig. 1). The central axis is not only for thermocouple 
instrumentation, but also for generating additional viscous dissipation in the passing flow, to 
extract information from the rheological behavior of the flow. The details on the flow model of 
the TRAC can be found in [9]. 
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Fig. 1. Illustration of the TRAC. 
 

Viscosity Models 
The Cross law [6] (Eq. 1) is employed to represent the rheological behavior of the polymer : 

𝜂𝜂 = 𝜂𝜂0/ �1 + �𝜂𝜂0
𝜏𝜏∗
�̇̅�𝛾�

1−𝑛𝑛
� (1) 

with 𝜂𝜂 the viscosity, �̇̅�𝛾 the generalized shear rate, 𝜂𝜂0 the zero shear rate viscosity, 𝑛𝑛 the power 
index at high shear rate regime (0 < 𝑛𝑛 <  1 for shear thinning materials such as the polymers) 
and 𝜏𝜏∗ the critical stress level at the transition to shear thinning. According to the material database 
of the « Autodesk® Moldflow® » software, the Cross-law parameters for Polypropylene PPC 9642 
at 195 °C are: 𝜂𝜂0 = 3192.75 Pa.s, 𝜏𝜏∗ = 19996.2 Pa and 𝑛𝑛 = 0.3387. 

The power law [1,2], shown in Eq. 2, is used to compare to the Cross law. 

𝜂𝜂 = 𝐾𝐾�̇̅�𝛾𝑛𝑛𝑝𝑝−1 (2) 

with 𝐾𝐾 the consistency coefficient and 𝑛𝑛𝑝𝑝 the power-law index (0 < 𝑛𝑛𝑝𝑝  <  1 for shear thinning 
materials). The power law is a straight line in logarithmic scale having the slope: 
�𝑑𝑑 ln 𝜂𝜂 /𝑑𝑑 ln �̇̅�𝛾 = 𝑛𝑛𝑝𝑝 − 1�. It should be noted that the Cross law also has a similar slope for �̇̅�𝛾 →

∞: � lim
𝛾𝛾�̇→∞

𝑑𝑑 ln 𝜂𝜂 /𝑑𝑑 ln �̇̅�𝛾 = 𝑛𝑛 − 1�. The power-law parameters (𝐾𝐾 and 𝑛𝑛𝑝𝑝 ≠ 𝑛𝑛) are carefully chosen 

to compare with the Cross law of PPC 9642. This is detailed in the next section. 
Procedure of the Study 
A power-law curve can be drawn from two different viscosity points. In this paper, we use an 
innovative method to obtain viscosity points from temperature measurements. When the polymer 
melt flows through the TRAC, the temperature variation due to viscous dissipation is recorded at 
the central axis of the annular geometry. This temperature variation, for a given flowrate, is 
sensitive to one point on the material’s viscosity curve. The point is called « critical point » in [8]. 
To identify critical points, the inverse method process can be designed with different approaches. 
But the process always takes temperature signals as the input variables and a critical point for each 
flowrate as the output result. Higher flowrates lead to critical points at higher shear rate regime. 
We need two different flowrates to obtain two critical viscosity points. 

In practice, the TRAC is installed as a nozzle at the outlet of an injection unit. During injection, 
the polymer flows through the TRAC. Experiments are carried out with Polypropylene PPC 9642 
at two different injection flowrates: 42.4 cm3.s-1 and 56.5 cm3.s-1. The corresponding simulations 
are brought off using the finite element model of the TRAC and the Cross-law viscosity model of 
the same polymer.  
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The main discussion of this study is whether the power law can perform as well as a more 
complex viscosity model rather than the identification of material parameters. To find an 
equivalent power-law curve of the Cross-law one, the identification of the power-law parameters 
is performed from the results of the simulations with the Cross law, that is to say by using the 
simulated temperature variation as a reference (Fig. 2). Two critical viscosities (580.3 Pa.s - 61.7 
s-1 and 500.6 Pa.s - 80.5 s-1) are obtained by applying the inverse method on the Cross-law 
simulation results, respectively at a flowrate of 42.4 cm3.s-1 and 56.5 cm3.s-1. A power-law curve 
(𝐾𝐾 = 5721.2 Pa.sn, 𝑛𝑛 = 0.4448) is drawn from these two points in Fig. 3. 

 

 

Fig. 2. Procedure of the study.  
 

 

Fig. 3. Viscosity curves of the Cross law and the power law along with the critical points. 
 

Fig. 3 shows that the critical points are on the Cross-law curve, because they are obtained from 
the Cross-law simulation results. The power-law curve, passing through the critical points, is close 
to the Cross-law curve only in a specific zone, near the transition region between the low-shear 
Newtonian zone and the high-shear pseudo-plastic zone. The difference between the two viscosity 
models can be seen at the high shear rate regime and especially at the low shear rate regime.  

Other simulations at the same flowrates are carried out by using the power-law curve in Fig. 3 
to replace the Cross-law viscosity model. In the next section, we will find out whether the power-
law curve is good enough to describe the flow behavior and whether the critical viscosity points 
can represent a functional zone of a viscosity curve, by comparing the measurements of the TRAC, 
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the Cross-law simulations’ results and the power-law simulations’ results (Fig. 2). The simulation 
software used is « ANSYS® POLYFLOW® ». Shear rate, velocity and temperature profiles can be 
exported directly from the simulation tool. The viscosity and shear stress profiles are calculated 
from the shear rate profiles using analytical expressions (Eq. 1 and Eq. 2). 
Results and Discussion  
Δ𝑇𝑇 is the temperature variation relative to that of the initial state. The temperature variations Δ𝑇𝑇 
due to viscous dissipation during injection (at 42.4 cm3.s-1 and 56.5 cm3.s-1) are measured directly 
by the TRAC and shown in Fig. 4. For an easy reading of the figure, only the temperatures 
measured by thermocouples 𝑇𝑇2 and 𝑇𝑇4 (Fig. 1) are presented. These flow configurations are also 
simulated with the Cross law and the power law. The results of the simulations are presented in 
Fig. 4 as well. 

 

 

Fig. 4. Temperature variations (due to viscous dissipation during injection) measured by 
thermocouples T2 and T4 of the TRAC and simulated with the Cross law and the power law for 

different flowrates (42.4 cm3.s-1 and 56.5 cm3.s-1). 
 
The increase in temperature due to viscous dissipation can be observed in Fig. 4. The higher the 

flowrate, the greater the temperature increases. The injection duration is shorter at the higher 
flowrate, because the injection volume is limited to the capacity of the machine. 

The power law can predict the temperature measurements as well as the Cross law, as the power 
law is drawn from the critical viscosity points identified using the temperature variations of the 
Cross-law simulations. Indeed, the heat generated by viscosity dissipation within the flow is 
brought to the central axis by convection. The viscosity of the flow affects not only the viscous 
dissipation power (shear rate multiplied by shear stress), but also the velocity field (integral of 
shear rate) for the convection. 

The steady-state shear rate profiles (at 42.4 cm3.s-1 and 56.5 cm3.s-1) as a function of radial 
position in the annular structure, are calculated respectively with the Cross law and the power law 
and presented in Fig. 5. The radius of the central axis (inner radius of the annular flow) is 4 mm. 
The outer radius of the annular flow is 10 mm.  
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Fig. 5. Steady-state shear rate profiles as a function of radial position in the annular structure, 
calculated respectively with the Cross law and the power law, at 42.4 cm3.s-1 and 56.5 cm3.s-1. 

 
The power-law calculations show lower absolute values of shear rate close to the inner and 

outer walls (𝑟𝑟 = 4 mm and 10 mm) of the annular geometry, compared to those of the Cross law. 
However, for example at 𝑟𝑟 = 5 mm in the flow, the absolute values of shear rate obtained by the 
power law become higher than the Cross-law results. Although these differences are minuscule, 
they reveal that the power-law parameters that we identified with the innovative method minimize 
the prediction error across a certain depth of the flow domain.  

The shear rates of the critical points in Fig. 3 are 61.7 s-1 and 80.5 s-1. They have lower values 
than the maximum shear rates in the annular flow in Fig. 5. The maximum shear rates are on the 
surface of the central axis (𝑟𝑟 = 4 mm): 

• 333 s-1 at the flowrate of 42.4 cm3.s-1; 
• 452 s-1 at the flowrate of 56.5 cm3.s-1. 

The power law is capable of delivering accurate predictions, because the power-law curve in Fig. 
3 remains close to the Cross-law curve at the shear rate of 452 s-1. The viscous dissipation method 
does not identify a power-law curve to fit the high-shear region beyond the maximum shear rate 
in the flow. By not doing so, the identified power law has less error in the relatively low-shear 
region (from 20 to 60 s-1) on the left side of the critical points in Fig. 3.  

Since the viscosity depends on the shear rate for non-Newtonian materials such as the polymers, 
we can plot the viscosity profile as a function of radial position in Fig. 6a. The main criticism of 
using the power law is that when a zero shear rate exists in the flow (Fig. 5), the calculated viscosity 
will reach a high or even infinite value in the low-shear region (Fig. 6a), which is not physical. 
However, Fig. 6b shows that the calculated shear stress (obtained by multiplying the shear rate by 
the viscosity) is not affected by the « zero shear rate problem » of the power law.  
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Fig. 6. Steady-state (a) viscosity and (b) shear stress profiles as a function of radial position in 
the annular structure, calculated respectively with the Cross law and the power law, at 42.4 

cm3.s-1 and 56.5 cm3.s-1. 
 
The velocity profiles are presented in Fig. 7. The predictions of the Cross law and the power 

law are almost the same on the velocity fields.  
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Fig. 7. Steady-state velocity profiles as a function of radial position in the annular structure, 
calculated respectively with the Cross law and the power law, at 42.4 cm3.s-1 and 56.5 cm3.s-1. 

 
Fig. 7 shows again that the power-law parameters identified using the viscous dissipation 

method minimize the prediction error across a certain depth of the flow domain. This new method 
aims to identify parameters to reproduce the same heat exchange between the flow and the central 
axis of the annular geometry, rather than focusing on the pressure loss (like the classic capillary 
rheometry method [10]). Viscous dissipation and velocity profile are two of the key factors in this 
heat exchange. 

 If we aim to identify the power-law parameters using the simulated pressure measurements 
corresponding to each flowrate (42.4 cm3.s-1 and 56.5 cm3.s-1) to solve the pressure-flowrate 
equation of annular flow [11], this power law, different from the one identified with the viscous 
dissipation method, will be more accurate for pressure loss predictions but can be less accurate to 
predict velocity profiles especially at the center of the flow (« Power* » in Fig. 8). In general, the 
power-law calculations in Fig. 8 are still close to the Cross-law calculations. The power law 
identified with pressure measurements can have good performance as well. 
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Fig. 8. Steady-state velocity profiles as a function of radial position in the annular structure, 
calculated respectively with the Cross law and the power law (identified with the pressure 

method), at 42.4 cm3.s-1 and 56.5 cm3.s-1. 
 

The velocity values can be divided by the average velocity to obtain a dimensionless velocity 
profile. For a power-law type material, the dimensionless velocity profile depends on the value of 
the index 𝒏𝒏𝒑𝒑 = [𝝏𝝏 𝐥𝐥𝐥𝐥 𝜼𝜼 /𝝏𝝏 𝐥𝐥𝐥𝐥 𝜸𝜸�̇], and does not depend on the flowrate [8,11]. For a Cross-law type 
material, the dimensionless velocity profile depends on the flowrate. In Fig. 9, a power-law type 
dimensionless velocity profile is drawn to compare with Cross-law ones for a large range of 
flowrates.  

 

Fig. 9. Dimensionless steady-state velocity profiles as a function of radial position in the annular 
structure, calculated respectively with the power law (identified with the viscous dissipation 

method) and the Cross law for a large range of flowrates. 

The power law identified with the viscous dissipation method is used to obtain the power-law 
type dimensionless velocity profile in Fig. 9. When the flowrate at 56.5 cm3.s-1 is multiplied or 
divided by two. The Cross-law type profiles are still close to the power-law one. When the flowrate 
is 100 times higher or 10 times lower, differences become significant. 

0

0.05

0.1

0.15

0.2

0.25

0.3

0 2 4 6 8 10

V
el

oc
ity

 (m
.s-1

)

r (mm)

Cross 56.5 cm^3/s
Power* 56.5 cm^3/s
Cross 56.5 cm^3/s
Power* 42.4 cm^3/s

0

0.5

1

1.5

2

2.5

3

3.5

4

0 2 4 6 8 10

(V
el

oc
ity

) /
 (A

ve
ra

ge
 v

el
oc

ity
)

r (mm)

Power 56.5 cm^3/s
Cross 56.5 cm^3/s
Cross 28.3 cm^3/s
Cross 113.1 cm^3/s
Cross 5.65 cm^3/s
Cross 5654.9 cm^3/s



Material Forming - ESAFORM 2023  Materials Research Forum LLC 
Materials Research Proceedings 28 (2023) 1917-1926  https://doi.org/10.21741/9781644902479-207 

 

 
1925 

Fig. 9 indicates that the identified local power law has a certain range of validity. For a different 
range of flowrates, the local power law may need to be re-identified. For example, a local power 
law with 𝑛𝑛𝑝𝑝 close to 1 will give better results at low flowrates when the material is almost 
Newtonian. When the local power law is identified at high shear rate regime, it will have a larger 
range of validity compared to the one identified in the Newtonian-shear thinning transition region 
(Fig. 3). In this study, the flowrates (42.4 cm3.s-1 and 56.5 cm3.s-1) are chosen on purpose to obtain 
critical viscosity points in the Newtonian-shear thinning transition region, to show the potential of 
a power law which fits the Cross law only in a specific range. 
Summary 
An innovative viscous dissipation method is used to define an equivalent power-law curve from a 
Cross-law one. The temperature variations due to viscous dissipation, calculated by the power law 
and the Cross law, are both found to be accurate compared to the experimental measurements. 
Thanks to numerical tools, the shear rate, viscosity, shear stress and velocity profiles in the flow, 
respectively obtained with the Cross model and the power-law model, are compared. The 
comparisons show that it is possible to find a power law to approach to a Cross-law flow for a 
specific flowrate range. On the viscosity curve, this refers to a dominant functional segment for a 
specific shear rate range. 

Although the calculated power-law flow can be close to the Cross-law one, the power law 
cannot reproduce exactly the same result of the Cross law. Using different methods to identify the 
power-law parameters lead to different calculation precisions in the flow domain.  

In general, the power law can have competitive performance compared to the Cross law, when 
the power-law parameters are carefully chosen for a functional shear rate range of the material, 
even for the transition region between the low-shear Newtonian zone and the high-shear pseudo-
plastic zone. This conclusion can be extended to other viscosity models, as long as they can be 
decomposed into straight line segments in logarithmic scale. 
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