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Abstract. In this study the yield point phenomenon in Bake-Hardening grade steel is predicted 
using a physically based thermo-mechanical model. A modified Taylor equation is proposed with 
a physically based dislocation density evolution approach. The softening that follows the higher 
yield point is incorporated with a Voce type decaying exponential function. The strain rate 
dependency of the plastic hardening is also incorporated in the model. The yield point in the decay 
function is also strain rate dependent but does not follow the same dependency of plastic hardening. 
This was solved by making the decay function strain rate dependent by adding a modified strain 
rate stress term to the exponential function. This parameter is calculated based on tensile 
experiments. Due to the softening behavior of the material, the numerical model is mesh size 
sensitive. Hence, a lower order strain gradient enhanced approach is implemented. The gradient is 
in a form of an additional hardening term assigned in the locally strained bands based on the plastic 
strain gradient. Hill48 yield criterion is used to assimilate the anisotropy in the steel grade. The 
numerical results show good correspondence with experimental tensile tests. The regularization 
significantly reduced the mesh size dependency of the numerical results. 
Introduction 
The yield point phenomenon creates an inhomogeneous plastic yielding in steels during forming, 
which results in unfavorable surface defects in form of stretcher marks on the formed steel products. 
Hence, modeling the yield point phenomenon has been a point of interest for many researchers in 
past few decades. 

In a tensile test, the yield point phenomenon exhibits a distinct higher yield point followed by 
softening and a constant stress yield elongation, prior plastic hardening. Hahn [1] attributed the 
higher yield point to the extra stress required to unpin the locked dislocations by the Cottrell 
atmosphere. The unpinned dislocations are now mobile and multiply due to short range interaction 
with other dislocations resulting in a softening of the curve. A locally strained shear band(s) is(are) 
formed near the specimen shoulder at about 54° to the tensile axis and propagates along the tensile 
axis to the other shoulder of the specimen, termed as Lüders band. Hahn [1] was among the earlier 
researchers to propose an analytical model for the yield point phenomenon as an extended 
Orowan’s equation based on dislocation density evolution and the dependency of the Lüders band 
velocity on the applied stress. Yoshida et al. [2] further proposed a constitutive model based on an 
extended Hahn model. They considered two modes the Lüders propagation and the subsequent 
plastic deformation with different sets of constitutive equations, the transition between the two was 
governed by a change in strain rates. Similarly, Estrin et al. [3, 4] and McCormick et al. [5] 
proposed a constitutive model for yield phenomena incorporating the dislocation dynamics based 
on diffusion of the dislocations to active slip systems on surrounding grains and their short-range 
interaction with immobile dislocations and solutes. 
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Contrary to Hahn’s theory, Akama et.al [6] and Nes et al. [7] observed that the phenomenon is 
triggered not only by the release of dislocations locked by the Cottrell atmosphere but also by 
substitutional elements segregated at the grain boundaries. Nes et al. [7], therefore proposed a 
Taylor based dislocation density evolution equation [8] to incorporate grain size and dislocation 
cell size dependency, along with a thermally dependent parameter. Similarly, Ballarin et al. [9] 
developed a physically based model for bake-hardening steels to predict the macroscopic behavior 
based on carbon solute concentration, wherein the band propagation was modeled with a Voce 
type equation. Kyriakides et al. [10] modelled the Lüders phenomenon with a trilinear stress-strain 
curve with an intermediate softening response in bending of steel tubes. Span and van Liempt [11], 
proposed a physically based dislocation density evolution model for temper rolling that 
quantitatively described the Lüders band behavior in conjugation to temper rolling parameters and 
chemical composition of a particular steel grade. The softening in the model was attributed to the 
Lüders front velocity. 

As stated earlier, in a tensile test, the yield point phenomenon is accompanied by a peak stress 
followed by a softening, which results in an inhomogeneous localized plastic shear band. In a finite 
element framework, this shear band is associated with the localization of strain along row(s) of 
elements. Simultaneously, the adjoining elements along this localized strain band undergo 
softening to compensate for the instability. Therefore, the band width, the strain gradient across the 
band and the resultant macroscopic flow stress (within Lüders strain elongation region) are mesh 
dependent [2,9,10,12]. Therefore, a regularization solution serves two objectives: firstly, to attain 
mesh–independent finite element results and secondly to account for the correlation of numerical 
Lüders band width to the actual observed in experiments. The regularization can be achieved by 
either introducing rate dependency to the model [10] or by introducing a higher order strain gradient 
to the model [12,13]. Kyriakides et al. introduced a mild rate dependency in the model via a strain 
rate power law, for the regularization of the solution. Mazière et al. [12] introduced the Aifantis 
strain gradient plasticity model, wherein a higher order modulus and a characteristic length scale is 
introduced, the latter being fitted with experiments. In this study, the mesh size dependency is 
reduced by using a lower-order gradient enhanced approach by the addition of a hardening term 
based on studies by Perdahcioglu et al. [14]. 

In the current study, a novel approach is modelled expanding on Taylors equation to incorporate 
thermal and strain rate dependency of the yield phenomena. The softening, or decay, function 
expands on the similar concept of dislocation density evolution and its short range interaction with 
immobile or mobile dislocations and solutes. This gives a better prediction of the Lüders 
phenomena in the model. Tensile tests to characterize Lüders phenomenon are elaborated in 
Section Tensile Experiment. The strain distribution and evolution over the specimen surface are 
captured with digital image correlation (DIC). A constitutive model detailed in section Model is 
proposed based on underlying physical dislocation density evolution. An extended Taylor model 
[8] is proposed, wherein the evolution of dislocation density is given by an extended Bergstrom 
model [15,16] for plastic hardening. For the softening an exponential equation is proposed. The 
model further incorporates strain rate dependency of the material based on Krabiell and Dahl [17] 
model. Based on experiments an anisotropic yield criteria Hill48 is used. The Lüders band width 
and strain distribution is observed to be mesh size sensitive. Hence a regularization method as 
proposed by Perdahcioglu et al. [14] is adopted to reduce the mesh size dependency of the 
numerical results; detailed in the section Gradient Plasticity. Finally the experimental and model 
results are discussed in the Results and Discussion as well as in the section Conclusion. 
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Fig. 1. Experimental tensile test of as-received Bake Hardened steel at three cross-head 
velocities. 

Tensile Experiments 
Bake hardening steel utilized in this study is in as-received state without undergoing temper 
rolling. Thus, the steel displays a distinctive yield point phenomenon with an elongated Lüders 
strain at a constant lower yield stress, see Fig. 1. The band is observed to nucleate just prior to higher 
yield point near the specimen shoulder and propagates across the specimen gauge length as the test 
progresses at a constant stress. The specimen is tested at three different cross-head velocities 100, 
10-1, 10-2 mm/s and at rolling, transverse and 45° direction. The local strain distribution and 
evolution across the specimen surface is measured with DIC during the tensile test. The surface 
of the specimen (gauge length) is therefore covered with a speckled pattern for the DIC (Aramis) 
measurement. 

The higher yield point is observed to be linearly dependent to strain rate. Similarly, the Lüders 
stress and elongation are observed to be strain rate dependent. In each test, the band nu- cleated 
near the specimen shoulder at approximately 54° to the tensile loading axis and propagated along 
the loading axis across the gauge length. The band and its strain gradient could be seen in the DIC 
full field measurements Fig. 2 over the gauge length for the tensile test results at 10-1 cross head 
velocity. The band width is measured at half height with reference to the band (strain rate) peak 
height in this study. The mean peak width thus measured at half height was 5.6mm with a standard 
deviation of 0.79. The Lüders strain elongation is also observed to be directly proportional to the 
test cross-head velocity, and is in accordance with studies by Yoshida et al. It is also peculiar to 
see that the band does not limit to a single shear band, but forms a combination of two bands in a 
’V’ shape. A few tests also showed multiple bands being nucleated at both specimen shoulders 
during the test. It can be speculated that the band nucleation and propagation in a tensile test is a 
product of two factors: the dislocation density mechanics and the geometry of the test specimen. 
During band nucleation, the local shearing strain in a grain expands to neighboring grains, which 
deform in a preferred orientation resulting in a macroscopic shear band. Furthermore, the limitation 
imposed by the specimen width, causes the band to propagate during tensile loading. 
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Fig. 2. Strain rate across the gauge length is plotted by DIC field measurements at stages 
highlighted in the flow stress. 

Model 
Work hardening.  
A physically-based model, based on extended Taylor’s equation is proposed in this study. The 
model therefore includes the dependency of flow stress in material on strain rate and temperature, 
and dislocation density evolution as a product of strain hardening. 

𝜎𝜎(𝜖𝜖) = 𝜎𝜎0 + 𝜎𝜎𝑡𝑡ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 + 𝜎𝜎𝑑𝑑𝑒𝑒𝑐𝑐𝑒𝑒𝑐𝑐 + 𝛼𝛼𝛼𝛼𝛼𝛼�𝜌𝜌(𝜖𝜖)       (1) 

Where, σ0 is the initial flow stress (MPa), σthermal is the dynamic stress based on Krabiell and 
Dahl model [17], σdecay is the softening function, α is constant parameter depending on immobile 
dislocations distribution, G is the shear modulus for steel, b is the Burgers vector, ρ(ϵ) is the 
dislocation density. Van Liempt [18] proposed an extended Bergstrom model [15] to show the 
dislocation density ρ development with strain. Eq. 2 describes the hardening as a development of 
the dislocation structure with strain. 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑀𝑀[𝐵𝐵𝜌𝜌𝑐𝑐 𝑔𝑔(𝜖𝜖𝑡𝑡)]− Ω𝜌𝜌.          (2) 

Where, ϵ gives total accumulated strain, Bu is the proportional constant for the increase of 
immobile dislocation in the cell walls, c is the exponent describing the influence of the dislocation 
density on the decrease of dislocation cell size, given by 𝑑𝑑𝑐𝑐𝑒𝑒𝑒𝑒𝑒𝑒 = 𝑘𝑘𝜌𝜌−𝑐𝑐, M is the Taylor constant, 
parameter Ω is the strain rate and temperature dependent and represents the remobilization (dynamic 
recovery) of immobile dislocations. Here Ω is taken constant, β term provides for the linear 
hardening behavior at higher strains. The function g(ϵ) was introduced by van Liempt [18] to 
describe the change in dislocation mean free path due to change in dislocation cell geometry at 
higher strains. Vegter et al. [16,19] postulated that at high strains dislocation cell walls within the 
grains are deformed, and the small orientation difference between the cells influences the 
dislocation mean free path. This influence of the cell shape distortion on the mean free path is given 
with an exponential function g(ϵ) = exp (βϵ). The first order term of Taylor series expansion of 
the function was used to avoid unexpected deflection at high strains in the flow stress giving the 
function: g(ϵ) = 1 + βϵ. This gives a linear hardening at high strains, and by substituting the same 
in Eq. 2 the following is obtained: 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑀𝑀[𝐵𝐵𝜌𝜌𝑐𝑐 (1 + 𝛽𝛽𝜖𝜖𝑡𝑡)] −𝛺𝛺𝜌𝜌.         (3) 



Material Forming - ESAFORM 2023  Materials Research Forum LLC 
Materials Research Proceedings 28 (2023) 1511-1520  https://doi.org/10.21741/9781644902479-163 

 

 
1515 

Eq. 3 is integrated between the limits 𝜖𝜖 = 0 and ϵ + ϵ0, where ϵ0 is the pre-deformation  
parameter accounting for the existing dislocation density prior to deformation, finally giving the 
dislocation density evolution as a function of equivalent strain as presented in Vegter et al. [19]: 

𝜌𝜌(𝜖𝜖)
1

1−𝑐𝑐 = 𝐵𝐵𝑢𝑢
Ω
�𝛽𝛽(𝜖𝜖 + 𝜖𝜖0) + �1 − 𝛽𝛽

𝑀𝑀Ω(1−𝑐𝑐)� �1 − exp�−𝑀𝑀𝛺𝛺(1 − 𝑐𝑐)(𝜖𝜖 + 𝜖𝜖0)���   (4) 

This physically based density evolution is then substituted in Eq. 1 making the expression of the 
flow stress as a function of equivalent strain. The constants for the equation shown in Table 1 are 
referenced from [19]. 
 

Table 1. Parameters used for the hardening model. 

σ0 [MPa] 80 
M [-] 2.7 
Α [-] 0.88 
G [MPa] 80.0E3 
B [-] 2.5E-7 
Ω [-] 2.1 
Bu [-] 8.3E8 
Β [-] 0.38 
ϵ0 [-] 0.005 
C [-] 0.0 

 
Dynamic stress.  
The dynamic stress as postulated by Krabiell and Dahl [17], was incorporated into the model to 

account for the strain rate dependency of the material. The dynamic term describes the thermal 
activation of mobile dislocation past obstacles with regard to its dependency on strain rate and 
temperature. 

 𝜎𝜎𝑡𝑡ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒(𝜖𝜖̇,𝑇𝑇) =

⎩
⎪
⎨

⎪
⎧ 0  𝜖𝜖̇ <  𝜖𝜖̇ exp �− 𝛥𝛥𝐺𝐺0

𝑘𝑘𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑇𝑇
�

𝜎𝜎0∗ �1 + 𝑘𝑘𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑇𝑇
𝛥𝛥𝐺𝐺0

ln �̇�𝑑
𝑑𝑑0̇

 �
𝑝𝑝

𝜖𝜖̇ exp �− 𝛥𝛥𝐺𝐺0
𝑘𝑘𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑇𝑇

� <  𝜖𝜖̇ < 𝜖𝜖0̇
𝜎𝜎0∗  𝜖𝜖̇ > 𝜖𝜖0̇ 

 (5) 

Where, 𝜎𝜎0∗ is the dynamic stress at zero thermal activation, ∆G0 is the maximum activation 
enthalpy, p is the exponent for thermally activated contribution,  𝜖𝜖0̇ is a structure parameter 
pertaining to density of mobile dislocation and obstacle distribution; effectively the limiting strain 
rate for thermally activated movement, kboltz is the Boltzmann constant and T is the temperature. 

 
Decay stress.  
The higher yield point can be attributed to either the additional stress required to unpin the 

locked dislocations in Cottrell atmosphere [1], or due to interaction of dislocation with grain 
boundaries [7] and the solutes segregated at grain boundaries [6]. Once the dislocations are ‘free’ 
from the obstacles, they become mobile. This can be considered as an instant drop in the number 
of immobile dislocations which causes a drop in the flow stress. An exponential Voce type 
equation is therefore proposed to represent the decay in the flow stress. It was also observed that 
the higher yield point is strain rate dependent and does not follow the work hardening strain rate 
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dependency. Thus, a modified Krabiell and Dahl [17] strain rate dependency model was 
implemented in σdecay resulting in following equation: 

𝜎𝜎𝑑𝑑𝑒𝑒𝑐𝑐𝑒𝑒𝑐𝑐 = �Δ𝜎𝜎 + 𝜎𝜎𝑡𝑡𝑑𝑑� exp(−𝑛𝑛𝜖𝜖)         (6) 

Table 2. Thermal stress and Decay stress model parameters. 
σ0

* [MPa] 1083 
kboltz [mJ/K] 1.38E-20 
T [K] 300 
∆G0 [mJ] 1.6E-16 
𝜖𝜖0̇ [-] 10.0E8 
m [-] 3.982 
A [-] 40 
n [-] 300 

 
Where ∆σ corresponds to stress difference between higher yield point and yield point without 

the yielding phenomenon; the later estimated from Interstitial Free (IF) grade steel tests. This will 
correspond to the higher stress required to unpin the dislocations and set them to mobile phase. 
The exponential decay corresponds to the softening as a result of mobile dislocations multiplying 
by interaction with other dislocation networks and solutes. The constant n influences the softening 
rate due to dislocation multiplication. σd gives an additional stress term to the yield point, enabling 
strain rate dependency of the yield point. The parameters shown in Table 2 are fitted to experimental 
data by adjusting σ∗ (from Eq. 5) keeping rest parameters constant. 

 
Yield criterion.  
The material exhibited anisotropy, with a variation in yield stress when tested under uniaxial 

and shear loading. Hill48 yield function was therefore used:  

𝜙𝜙 = 𝐹𝐹�𝜎𝜎𝑐𝑐 − 𝜎𝜎𝑥𝑥�
2

+ 𝛼𝛼(𝜎𝜎𝑧𝑧 − 𝜎𝜎𝑥𝑥)2 + 𝐻𝐻�𝜎𝜎𝑥𝑥 − 𝜎𝜎𝑐𝑐�
2

+ 2𝐿𝐿𝜏𝜏𝑐𝑐𝑧𝑧2 + 2𝑀𝑀𝜏𝜏𝑧𝑧𝑥𝑥2 + 2𝑁𝑁𝜏𝜏𝑥𝑥𝑐𝑐2 − 𝜎𝜎𝑐𝑐2  (7) 

The anisotropy coefficients, in terms of R values, were calculated from uniaxial and shear 
experiments. The model thereby showed a good fit with uniaxial tensile and shear test with same 
hardening parameters. 

 
Gradient Plasticity. 
The band size and strain gradient over the band showed mesh size dependency. Hence, the mesh 

size dependency is reduced using a lower-order gradient enhanced approach using an additional 
hardening term based on studies by Perdahcioglu et al. [14]. This non-local hardening term is 
calculated from the plastic strain gradients across the band. Perdahcioglu et al. [17] referred to this 
phenomenon as stress created by the evolution of geometrically necessary dislocations (GNDS) 
within a locally sheared zone and thus calculated them from incremental plastic strain and Burgers 
vector. The rate of change of the additional dislocations generated due to the strain gradient is 
therefore given by: 

�̇�𝜌𝑔𝑔𝑒𝑒𝑒𝑒𝑑𝑑 = 2�̇�𝜂𝑝𝑝

𝑏𝑏
  (8) 
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Where 𝜂𝜂�̇�𝑝 is the rate of equivalent plastic strain gradient, b is the Burgers vector. The total change 
in dislocation density for a given strain increment ρgrad is then placed in Eq. 1, resulting in an 
additional hardening stress across the band during its evolution and propagation. 

𝜎𝜎(𝜖𝜖) = 𝜎𝜎0 + 𝜎𝜎𝑡𝑡ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 + 𝜎𝜎𝑑𝑑𝑒𝑒𝑐𝑐𝑒𝑒𝑐𝑐 + 𝛼𝛼𝛼𝛼𝛼𝛼�𝜌𝜌(𝜖𝜖) + 𝜌𝜌𝑔𝑔𝑒𝑒𝑒𝑒𝑑𝑑  (9) 

 

      

Fig. 3. Numerical tensile test strain-rate stages highlighted in flow stress. 
 

Results and Discussions 
The model was validated with a numerical tensile test. The gauge area 50x12.5x0.74 mm (length x 
width x thickness) was subjected to uniaxial loading. To replicate the material’s inhomogeneity, 
numerical instability was incorporated by introducing fluctuating yield stress in a range 0 – 1 MPa 
randomly assigned to integration points. In Abaqus software, the arc-length method to solve for 
iterations during softening. The resultant flow stress and Lüders band are presented in Fig. 3. Fig. 
4 shows the results of the simulations incorporating the hardening model combined with the anisotropic 
yield criterion tested at three cross-head velocities and shows a good fit with the experiments. The 
higher yield point is predicted well in the three velocities, attributed to the independent strain-rate 
model included in the decay function. The strain-rate dependency of the decay function also results 
in an increase in Lüders strain elongation with increasing test velocity. The thermal stress model’s 
implementation shows a good fit with experimental tests at varying cross-head velocities. The band 
inclination is also observed between 52°-55° in accordance with the experiments. 
 

2.8 10
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Fig. 4. Numerical tensile test compared with tensile experiments at three different cross-head 

velocities (a) 100 (b) 10-1 and (c) 10-2 mm/s. 

 
Due to the softening and strain rate dependency in the model, the numerical test result is mesh 

dependent. Hence the first step was to test the mesh dependency of the model, by conducting the 
numerical tensile test by varying mesh sizes. Thus, numerical uniaxial tensile test was conducted 
with three-dimensional quadratic mesh with reduced integration at varying mesh sizes of 0.5, 
0.75 and 1mm. The mean band peak width is calculated at every increment and plotted with 
reference to nodal displacement (Fig. 5 a). The mean peak width (calculated at half height of the 
peak) observed for mesh sizes 0.5, 0,75 and 1 mm are 1.30, 1.42 and 1.83mm. In either case the 
strain-rate peak is observed to be higher with a lower mesh size which further ascertains the mesh 
dependency of the Lüders band. The implementation of the gradient model results in an additional 
hardening term implemented only at the regions with localized strains, and is determined with a 
number of integration points within a prescribed radius. The integration points within the assigned 
radius experience an additional hardening term influencing the gradient width. This could be seen 
in the peak width determined from simulations with the gradient model, in Fig. 5b. Although a 
major difference could not be seen in the average peak widths for different mesh sizes, the variation 
of the peak width with different mesh sizes has more overlap with each other.  
Summary 
The modified dislocation density evolution model gives a good approximation of the experimental 
data. The dynamic stress factor implemented in the decay function enables predicting the higher 
yield point as well as Lüders elongation in coordination with applied strain rates. The decay 
function also facilitates understanding the underlying dislocation dynamics behavior: a higher yield 
stress term required to unpin the dislocations and an exponential decay to accommodate the 
softening by dislocation multiplication and short range interaction [1]. This includes its interaction 
with solutes at grain boundaries in accordance with [6]. It is also postulated that apart from 
dislocation dynamics, the specimen geometry in combination with its loading condition influences 
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formation of shear band and its propagation. The mesh size dependency of the strain bands was 
reduced by inclusion of the gradient model, however the simulated band size could not be achieved 
as observed in experiments. This could be further improved by modifying the decay function to 
control the rate of softening in the model. 
 

 

Fig. 5. For mesh sizes 0.5, 0.75 and 1mm band width with respect to displacement (a) without 
inclusion of gradient term (b) with inclusion of gradient term. 
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