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Abstract. Manufacturing devices at the microscale requires a precise analysis for desirable 
mechanical behavior. As the products of microscale forming operations have a comparable 
thickness dimension with grain size, the ratio between thickness and grain size (t/d) becomes an 
important aspect of mechanical behavior. A number of experimental studies investigated this 
phenomenon and have shown the influence of the t/d ratio in micron-sized sheet specimens. On 
the other hand, the computational studies addressing this phenomenon employing 
micromechanics-based models are quite restricted. The current study aims to investigate the t/d 
ratio effect through finite element method (FEM) simulations with both local and nonlocal crystal 
plasticity frameworks. The numerical analyses with the local crystal plasticity framework are 
obtained by utilizing two different methodologies, where the initial slip resistance is taken as 
constant or modified using a subroutine based on grain size effects and slip system interactions 
(see [1]).  
Introduction 
Microelectromechanical systems are commonly used in different areas such as medicine, portable 
devices, and inertial measurement units. These systems are composed of micron-sized components 
that necessitate an investigation of their mechanical behavior. At such small scales, material 
behavior is heavily size dependent. The effect of grain boundaries and grain dimensions begin to 
dictate the material behavior (see [2]). However, when these specimens become so thin that there 
are very few grains in thickness direction, it is not enough to consider the grain size effects only 
(see [3]). Experiments in the literature have shown that the ratio of specimen thickness to average 
grain diameter is an important factor determining material response (see e.g. [4,5,6]). In these 
experiments, the t/d ratio is controlled by keeping one parameter (either specimen thickness or 
average grain diameter) constant while changing the other. The experiments show that the 
plasticity response from t/d parameter can be categorized in three main regions (see [5]). Very thin 
materials that lie in t/d < 1 region contain one or very few grains in the thickness direction. This 
results in a large majority of grains lying at the material surface and an independence of material 
response from the t/d ratio. Beyond this region, the number of grains in thickness direction begins 
to increase, yielding a multi-crystal behavior and rapid increase of stress response until the critical 
t/d ratio is achieved. The critical t/d ratio can be thought of as a material property. Upon reaching 
this value, the material begins to show proper polycrystalline behavior and acts as a bulk material. 
The influence of t/d ratio becomes insignificant since the surface grains are in very few numbers 
(see [7]). 

In this paper, the behavior of such thin specimens is examined with three different approaches. 
First, a conventional local crystal plasticity is used. Local crystal plasticity frameworks do not 
have an intrinsic length scale parameter. Then, a lower order strain gradient crystal plasticity 
framework is implemented as an ABAQUS UMAT subroutine. Strain gradient methods have an 
intrinsic length scale parameter that allows them to predict size effects at the microscale (see e.g. 
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[8]). The higher order strain gradient formulations have higher order stresses which make them 
challenging to implement (see e.g. [9,10]). However, since the magnitude of the higher order 
stresses are often small, lower order approaches have also been used to obtain similar result except 
for boundary layers near interfaces or material surfaces as explained in [11]. The last method used 
is a subroutine that uses Hall-Petch theory to define initial slip resistance to crystals at each 
material point. This subroutine is implemented into the crystal plasticity framework. It is modified 
to work together with Voronoi tessellation geometries obtained from Neper program (see [12]). 
Grain misorientations and distance to grain boundaries at each point of the crystal structure is taken 
into account to provide a non-uniform distribution of initial slip resistance throughout the 
polycrystal specimens. Specimens with different thicknesses are simulated under uniaxial tension 
condition with all three methods and the results are discussed in detail. 

The structure of this paper is as follows. First, the constitutive relations for both local and strain-
gradient framework are described. Then, the material constants of aluminum alloy AA6016 in T4 
temper condition, as well as the geometry parameters used in the finite element models are given. 
Additionally, the boundary conditions of the uniaxial tension are explained. Finally, the results are 
presented and compared with experimental findings in the literature. 
Crystal Plasticity Frameworks 
In the finite element analysis of the t/d effect, both a rate-dependent local, and a rate-dependent 
strain gradient crystal plasticity model is employed. This framework is based on a local crystal 
plasticity ABAQUS user material subroutine (UMAT) (see [13]). The UMAT subroutine is 
modified to include non-local strain-gradient effects using lower-order formulation following the 
theory of [10]. Since local crystal plasticity models do not inherently include size effects, it would 
not be possible to correctly predict the intrinsic size effect due to the change in grain size. The 
modification to include strain gradient effects in the constitutive formulations allows the size 
effects of crystal grains to be captured in simulations through geometrically necessary dislocations 
(GNDs). 

The deformation gradient is decomposed into elastic and plastic components, 

F=FeFp (1) 

It is assumed that plastic deformation only occurs as a result of plastic slip. The elastic 
component of the deformation gradient only considers the stretching and rotation of the crystal 
lattice. The plastic component of the deformation gradient evolves according to the following flow 
rule 

Ḟp=LpFp (2) 

where the plastic component of velocity gradient 𝐋𝐋p is defined as the integration of plastic slip rate 
γ̇α on each slip system 𝛼𝛼 that has slip direction and normal 𝐦𝐦α and 𝐧𝐧α respectively. The crystal 
plasticity framework consists of 12 active slip systems for a face-centered cubic material. 

Lp=ḞpFp-1=∑ γ̇αN
α=1 (mα⊗nα) (3) 

The slip rate is expressed in power law form, as, 

γ̇α=γ̇0 �
τα

gT
α�

n
sign(τα) (4) 
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where γ̇0 is the reference slip rate, τα is the resolved shear stress, gTα is the total slip resistance, 𝑛𝑛 
is the rate sensitivity exponent, and sign(x) is the sign function. In this formulation, the total slip 
resistance is a combination of slip resistance caused by statistically stored dislocations (SSDs) and 
geometrically necessary dislocations (GNDs). 

gT
α = �gssd

α 2+ggnd
α 2 (5) 

The SSD slip resistance is described by the following relation, 

ġssd
α =∑ hαβN

β=1 �γ̇β� (6) 

From [14], the self and latent hardening law is expressed as, 

hαα=h0 sech2 � h0γ
gs-g0

� (7) 

hαβ=qαβhαα (8) 

where h0 is the initial hardening modulus, gs is the saturation slip resistance, g0 is the initial slip 
resistance and qαβ is the latent hardening coefficient. The strain gradient framework assumes that 
there are no initial GNDs in the model, and GNDs only evolve because of strain gradient effects 
over time. Hence, the initial slip resistance is purely related to SSDs. The GND slip resistance is a 
formulation based on internal length scale parameter as well as the GND density of the crystals. 

ggnd
α =g0�lηgnd

α  (9) 

The length scale parameter l is defined as, 

l= αT
2 μs

2b
g0

2  (10) 

Here, αT is the Taylor coefficient that depends on the dislocation mechanisms of the crystal, μs 
is the shear modulus and b is the Burger’s vector length. The GND density is described as, 

ηgnd
α =�nα×∑ mαmβ∇γβ×nβN

β=1 � (11) 

The calculation of strain gradient in a lower-order framework involves finite element 
operations. Using an 8-node 3D brick element with 8 Gauss integration points, the plastic slip 
values on each integration point is extrapolated to element nodes (see [15] for details). Then, a 
nodal averaging of the plastic slip is performed on nodes of neighboring elements. Finally, the 
gradient of strain is computed at the position of integration points. 
Numerical Analysis 
The numerical parameters of thickness/grain diameter ratio simulations are given in this section. 
A user material subroutine (UMAT) in the finite element software ABAQUS is used for crystal 
plasticity finite element method (CPFEM) simulations. The details of crystal plasticity parameters 
and the geometry-based initial slip resistance subroutine parameters are provided hereafter. 
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Using the material data of AA6016 in T4 temper condition from [16], the material parameters 
for the crystal plasticity framework are identified using a representative volume element (RVE) 
with 300 grains. This number of grains is sufficient to obtain an isotropic response from a 
polycrystal RVE in a reasonable computation time. The stress-strain response of the simulations 
is fitted to experimental material data under symmetric boundary conditions and tensile loading. 
Since the RVE is not morphologically periodic, symmetry boundary conditions are used to 
simulate the uniaxial tension at constant stress triaxiality of 0.33. Elastic stiffness coefficients for 
Al alloy are taken for cubic behavior from [17] as C11 = 108.2 GPa, C12 = 61.3 GPa, C44 =
28.5 GPa . Reference slip rate γ̇0 and the rate sensitivity exponent n are 10−3 s−1 and 20, 
respectively. The latent hardening parameter q is taken as 1.4. The hardening parameters are fitted 
using an RVE are initial hardening modulus h0, saturation slip resistance gs and initial slip 
resistance g0, which are 190 MPa, 95 MPa and 47 MPa, respectively. 

 
Table 1. Dimensions and total grains of the specimens used in simulations. 

thickness 
[μm] 

mean grain 
diameter 
[μm] 

t/d ratio Total number 
of grains 

Number of 
finite elements 

Avg. elements 
per grain 

18 59 0.3 665 63368 95.3 
35 73 0.48 665 62208 93.5 
70 93 0.75 665 51076 76.8 
105 105 1 703 50000 71.1 
147 105 1.4 985 70000 71.0 
189 105 1.8 1266 90000 71.1 
211 105 2 1414 110000 77.8 
253 105 2.4 1696 130000 76.7 
295 105 2.8 1976 150000 75.9 
316 105 3 2117 160000 75.6 
358 105 3.4 2398 180000 75.1 
400 105 3.8 2680 200000 74.6 
484 105 4.6 3242 240000 74.0 
526 105 5 3524 260000 73.8 
568 105 5.4 3805 280000 73.6 

 
The lower-order strain gradient theory requires an intrinsic length scale parameter for the slip 

resistance contribution of GNDs to be determined and the size effects to be predicted. The relation 
for the length scale parameter that governs the gradient effects is given in Eq. 10 (see [10]). The 
details of Taylor alpha coefficient can be found in [18]. In this problem, it is taken as 0.5. The 
shear modulus of AA6016 T4 is taken as 26 GPa and the Burger’s vector magnitude is taken as 
0.286 nm from [19]. The length scale parameter is calculated as 23.86 μm. However, above a 
certain element size in the FEM mesh, the lower-order model is mesh dependent. The GNDs are 
high in density in regions with non-uniform strain states such as grain boundaries. New 
dislocations must be introduced to obtain a homogenous plastic deformation in these regions (see 
[20]). If these regions are not modeled with an adequately fine mesh, strain gradients cannot be 
realized correctly. In this work, since there are many grains in the polycrystal structure, the 
computation times would be very long if a finer mesh was used. Hence, the length scale parameter 
is set to 500 μm after an element size sensitivity analysis to perform a qualitative comparison with 
the experiments. 
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A subroutine that calculates initial slip resistance based on the distance to grain boundaries on 
each integration point is implemented and tested in this work. This subroutine is built into the 
crystal plasticity framework and is only used to determine g0. The details can be found in (see [1]). 
The size effects are realized in the initial slip resistance by the following relation, 

g0
α=τ0+ kα

√Lα (12) 

where τ0 is the critical resolved shear stress of a theoretically infinite crystal, taken as 0.05 MPa. 
Lα is the distance at a material point from grain boundaries in the direction of slip for a slip system. 
kα is the micro Hall-Petch coefficient calculated as, 

kα=K�1-mα'�
c
 (13) 

K and c are empirical coefficients, taken as 0.414 and 0.134, respectively. These values are 
obtained by fitting the stress-strain response using a 300 grain RVE with uniform 47 MPa initial 
slip resistance. mα′ is the Luster-Morris parameter for each slip system based on grain 
misorientation, 

mα'= � mA
α .mB

α

�mA
α ��mB

α �
 � � nA

α .nB
α

�nA
α ��nB

α �
 � (14) 

where 𝐦𝐦α and 𝐧𝐧α are slip directions and normals respectively of each slip system 𝛼𝛼 for grains A 
and B.  

 
Fig. 1. Polycrystal microstructures of a) t/d = 0.48, b) t/d = 1.4, c) t/d =3, d) t/d = 5.4. 

 
Tensile specimens of 2 mm x 2 mm x t mm thickness are generated through Neper software 

with dimensions given in Table 1. Examples of polycrystal structures at different t/d ratios are 
given in Fig. 1. Each grain is given a random crystal orientation. These orientations are random 
for each specimen with a different t/d ratio. However, they are kept constant while comparing 
local, strain-gradient, and geometry-based slip resistance simulations. 10% uniaxial tension is 
applied to each specimen in y-direction with a loading rate of 10−3s−1 over 100 seconds.  
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Numerical Results 
The numerical examples are presented in this section and a qualitative comparison with the 
experimental observations is conducted. Experimental results of true stress at 0.05 strain for a 
nickel polycrystal are represented in Fig. 2 from [5]. 

 
Fig. 2. Experimental values of true stress at 0.05 strain for different t/d ratios of Ni polycrystal 

(see [5]). 
 

The FEM analysis results using the local crystal plasticity framework shows that, at low t/d ratio 
specimens (1 and below), the grains do not yield a stronger response despite their lower size 
compared to large t/d ratios. This is because the local crystal plasticity framework cannot predict 
intrinsic size effects. As a result, a monotonous increase in strength is observed in this region as 
seen in Fig. 3a. However, experimental results show that the stress response should not change 
significantly in t/d < 1 region. Without using a strain gradient framework or modifying the grains 
to have slip resistance based on their size and geometry, the increased strength of smaller grains 
cannot be reflected. 

Finite element simulation results utilizing the strain gradient crystal plasticity framework are 
shown in Fig. 3b. The size-dependent solution shows that the strength of specimens in t/d < 1 range 
does not significantly change, similar to experimental findings. As specimen thickness decreases 
in this region, the average grain diameter also decreases. Hence, the material response gets 
stronger, and the significant stress increase in local solution due to surface grains and the presence 
of additional grains is no longer observed when the size effects are captured. Additionally, the 
critical t/d value is predicted as t/d = 3. In both Fig. 3a and 3b, a sharp, discontinuous increase can 
be seen between t/d = 1 and t/d = 1.4. This is a result of increased number of grains in the thickness 
direction. These grains allow for additional grain boundaries to be created, thus, a jump in stress 
response is observed. 
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Fig. 3. Flow stress values of different t/d specimens at 10% strain with a) local crystal plasticity 

framework, b) strain gradient crystal plasticity framework. 
 

After the critical t/d value is reached, the increase in stress response becomes less significant 
with increasing t/d values. This is in line with the experimental results. In the 1 < t/d < critical t/d 
region, there is a sharp increase in strength since additional grains in the thickness direction are 
now appearing and significantly increasing the material’s strength. After the critical value, the 
thickness effect is no longer observed since the specimen approaches bulk size. There are enough 
grains in thickness direction so that newly formed grain boundaries do not impede dislocation 
motions significantly. The stress levels reached for every specimen is higher compared to results 
from local solution since GNDs impede deformation by increasing the slip resistance at locations 
where their densities are high. 

 
Fig. 4. GND densities [1/𝑚𝑚𝑚𝑚] of a) t/d = 0.48 and b) t/d = 5.4. 

 
The GND densities of specimens having t/d ratios of 0.48 and 5.4 are presented in Fig. 4. Here, 

GND densities for each grain are highest at the grain boundaries. Neighboring grains with 
significant misorientation between each other can be spotted since GND densities would 
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concentrate at those locations. The density of GNDs is higher in the specimen with smaller t/d 
ratio, resulting in a higher slip resistance due to smaller grain sizes. 

 
Fig. 5. Flow stress values of different t/d specimens at 10% strain with geometry-based initial 

slip resistance simulations. 
 

 
Fig 6. Comparison of initial slip resistance [MPa] at a) t/d = 0.48 and b) t/d = 5.4  

for slip system (111)[01�1]. 

 
Finally, the results of simulations where a geometry-based initial slip resistance is used are 

shown in Fig. 5. The critical t/d value is predicted higher with this method as approximately 4. 
Since the distance to grain boundaries is a parameter that determines the initial slip resistance at 
each material point, size effects are taken into account. At t/d < 1, an increase in strength can still 
be observed with increasing t/d, although at a much lower rate than the local solution. Moreover, 
after the critical t/d value, the strength increase slows down as expected from the experimental 
findings. Fig. 6 shows the comparison of initial slip resistance at t/d ratios 0.48 and 5.4 for one of 
the slip systems. There is a larger initial resistance assigned to elements in t/d =  0.48 on average 
since the grains are smaller and the integration points are closer to grain boundaries as a result. 
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Summary 
In this work, a series of crystal plasticity finite element method simulations are conducted to 
examine the uniaxial tension loading responses of micron-sized specimens. Three different 
approaches have been used to obtain these results. Local crystal plasticity frameworks yield size-
independent results since there is no information regarding grain or specimen size in their 
constitutive relations. A subroutine is utilized in a local framework to determine the initial slip 
resistance of crystals at every material point through a size-dependent approach. While this method 
does not influence constitutive relations, it is still able to capture the effects seen in experiments 
since smaller grains in low t/d ratios have their slip resistance increased compared to larger grains. 
The last method used is the lower-order strain-gradient framework. With this method, the density 
of GNDs is calculated and used in the constitutive relations directly based on a length scale 
parameter. 

The results show that by using a strain-gradient framework or employing Hall-Petch theory to 
determine initial slip resistance of crystals, a similar trend to experimental findings in t/d<1 region 
can be found. As the thickness and t/d ratios of the specimens increase, an increase in their 
stress/strain response can be seen in every result case. This is attributed to the fact that new grain 
boundaries and more grains in the thickness direction are developing rapidly. Once the critical t/d 
value is reached, a different value is obtained with every method. The simulations using local 
crystal plasticity framework show that the critical t/d is obtained at 2. With the strain gradient 
framework, the critical value is found as 3. This indicates that there is still a considerable size 
dependence until this point. On the other hand, when Hall-Petch theory is utilized, the specimens 
reach this critical value and start showing bulk-material behavior at a t/d value of 4. This is 
consistent with the trends obtained from experiments as seen in Fig. 2. Additionally, the stress 
increase in the post-critical region is predicted slightly less in this case.  
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