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Abstract The seismic response analysis model of a nuclear facility can be used to evaluate the 
integrity of the structure as well as the safety of humans and machines within in the event of an 
earthquake. This study accordingly proposed a methodology for constructing the seismic response 
analysis model of a nuclear facility based on observed strong motion records. First, to evaluate the 
seismic response characteristics of an example nuclear facility in Japan, the subspace state-space 
system identification [1] technique was applied to strong motion records from the 2011 off the 
Pacific coast of Tohoku Earthquake. The identified natural modes were then clustered using the 
hierarchical clustering technique. Second, a seismic response analysis model of the example 
facility was constructed for each cluster based on the sway–rocking model. The stiffness and 
damping factors for each model were calculated from the mean values of the corresponding mode 
characteristics. Third, the constructed models were employed for seismic response analysis using 
the strong motion record observed during the main shock of the 2011 Tohoku earthquake as input, 
and the root mean square errors between the response records and analytical results were evaluated 
to select the most accurate model. Finally, the selected model was validated by performing a 
seismic response analysis using the strong motion records from an aftershock of the 2011 Tohoku 
earthquake. The analytical responses showed good agreement with the records, indicating that the 
proposed method represents a valid approach for constructing seismic response analysis models of 
nuclear facilities. 
Introduction 
A seismic analysis model is useful for assessing not only the structural integrity of a building 
during an earthquake but also the safety of humans and machines inside. Many studies have been 
conducted to investigate methodologies for evaluating the seismic response characteristics of a 
building using subspace state-space system identification (4SID) [2]. However, few studies have 
undertaken seismic response analyses of nuclear facilities based on strong motion records using 
4SID. This paper therefore proposes a methodology for constructing a seismic response model 
based on the strong motion records observed at an existing nuclear facility. 

To evaluate the vibration characteristics of the example nuclear facility, the 4SID technique 
was applied to the strong motion response records observed at the facility during the 2011 off the 
Pacific coast of Tohoku Earthquake. The characteristics of the natural modes were then clustered 
by a hierarchical clustering technique. Next, a seismic response analysis model of the facility was 
constructed using the sway–rocking (SR) model to consider the soil–structure interaction through 
the combined action of a rocking spring and sway spring installed between the substructure and 
the ground. Finally, the proposed method was verified by inputting the strong motion record from 
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an aftershock of the 2011 Tohoku earthquake into the constructed model and comparing its 
responses with the corresponding response records. 
Methodology of Subspace State-space System Identification 
In this study, the ordinary multivariable output-error state space [1], which is a 4SID algorithm, 
was used to identify the seismic response characteristics of an example nuclear facility. The 
discrete-time linear time-invariant system is expressed by the state-space expression as follows: 
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where x(t) is the state vector, u(t) is the input vector, y(t) is the output vector, and A, B, C, and D 
are constant matrices. 

For r-input and m-output systems, the block Hankel matrix, which consists of input and output 
data U and Y, respectively, can be constructed as follows: 
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where N and ν denote the number of data points and the number of block rows, respectively. 
Then, matrix Ξ is calculated using the following equation: 

⊥= UΞ YΠ       (3) 
where ⊥

UΠ  is the geometric operator that projects the row space of matrix Y onto the orthogonal 
complement of the row space of matrix U. This is represented by the following equation: 

1( )T T⊥ −= −UΠ I U UU U      (4) 
where I is an identity matrix and T denotes transposition.  

The singular value decomposition of Ξ is performed according to the following equation: 
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where n denotes the system order, Σ1 and Σ2 comprise the diagonal matrix consisting of the 
singular value of Ξ, and U1, U2, V1, and V2 denote the singular matrices. 

The extended observability matrix O is calculated using: 
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Matrix C can be identified from the upper block matrix of Oν; matrix A can be identified as follows: 
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where † denotes the Moore–Penrose pseudo inverse matrix [5][6]. 
The natural circular frequency ωj, damping ratio hj, and eigenmode vector 𝚽𝚽  of the j-th 

eigenmode are calculated by the following equations: 
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where λj, Δt, and φj denote the j-th eigenvalue of matrix A, the sampling period, and the 
eigenvector of matrix A, respectively. 
Seismic Analysis Model 
The section of the example nuclear facility is illustrated in Figure 1, and its corresponding SR 
model is shown in Figure 2. In this paper, the nuclear facility was modelized by SR model. 
 

 
 

The model shown in Figure 2 consists of two masses: m1 corresponding to the superstructure 
and m2 corresponding to the substructure. Their combined equation of motion is given by: 
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where J is the rotational inertia of the substructure; kb, ks, and kr are the rigidities of the 
superstructure, sway spring, and rotational spring, respectively; cb, cs, and cr are the damping 
coefficients of the superstructure, sway spring, and rotational spring, respectively; λ’ is the 
identified complex eigenvalue of matrix A; h is the height of the superstructure; Δt is the sampling 
period of the strong motion record; Ut and Us are the horizontal mode amplitudes of the 
superstructure and substructure, respectively; and Θ  denotes the angular amplitude of the 
substructure. 

The rigidities and damping coefficients of the system can be calculated using the following 
equations: 
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t sX U U h= − − Θ                                                           (11) 
Λ = lnλ'/∆t  

where X is superstructure’s relative displacement. 
 
  

Fig. 2 SR model of the 
subject building 

us 

cb kb 

cr  kr  I 

cs  ks m
 

ub 
ur 

h 

m1 𝜃𝜃 

ut ug 

24.2m 

26.5m 

52m 9m 

Fig. 1 Section view of the subject nuclear 
facility building 

North South 
 
30m 

input 
output 

Accelerome
 

(12) 



Structural Health Monitoring - 9APWSHM  Materials Research Forum LLC 
Materials Research Proceedings 27 (2023) 150-157  https://doi.org/10.21741/9781644902455-19 

 

 
153 

System Identification 
The strong motion records depicting the north–south component observed at the example 

nuclear facility during the 2011 off the Pacific coast of Tohoku Earthquake are shown in Figure 3. 
Note that the acceleration amplitude of the superstructure was larger than that of the substructure 
and input motion. 

 
Figure 4 shows the transfer function identified by 4SID with system orders of 6 and 14. When 

the system order was set to 6 and 14, the natural frequencies were identified including 
approximately 3 Hz, 6.8 Hz, and 9.2 Hz. 

 
 

Figure 5 shows a stabilization diagram representing the relationship between the natural 
frequencies and system orders. Although the eigenmodes were slightly scattered, the natural 
frequencies of the first, second, and third modes can indeed be identified at approximately 3 Hz, 
6.8 Hz, and 9.2 Hz, respectively. 

 

Fig. 3 Acceleration time history waveforms 
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Fig. 5 Stabilization diagram 
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To evaluate the valid eigenmode, a hierarchical clustering technique was applied to the system 
identification results. The modal assurance criterion (MAC) was used as the cluster distance to 
evaluate the similarity between any two eigenmodes as follows: 

{ }{ }
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i j
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where φi denotes the i-th mode vector and * denotes conjugation. Ranging from 0 to 1, the larger 
the MAC value, the more similar the two compared modes. The distance between the two 
compared eigenmodes was calculated using [4]: 
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Figure 6 shows the relationship between the cluster number ratio and cluster distance. In this 
study, clustering was terminated when the cluster number ratio reached 10%. 
 

 
 

Figure 7 shows the relationship between the identified natural frequencies and damping ratios. 
Markers with the same color and shape indicate results belonging to the same cluster. The red 
marker was each center of cluster. The natural frequency of both the black and yellow clusters was 
determined to be approximately 3 Hz, suggesting that they correspond to the first mode. The 
natural frequency of the blue cluster was approximately 6.8 Hz and that of the green cluster was 
approximately 9.2 Hz, suggesting that these clusters correspond to the second and third modes, 
respectively. 
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Construction and Validation of the Seismic Response Analysis Model 
This section describes the methodology used to construct the SR models of the example nuclear 
facility based on the system identification results. First, the cluster results indicating a damping 
ratio greater than 0.06 were excluded. Then, based on Equation (7) as well as the masses and 
rotational inertias given in Table 1, the stiffness and damping coefficients were calculated from 
the averaged eigenvalue and eigenmode vector for each cluster to construct a series of models. 

Seismic response analyses using the Newmark-β method (β = 1/4, γ = 1/2) were performed on 
all constructed models by applying the strong motion record from the main shock of the 2011 off 
the Pacific coast of Tohoku Earthquake as input. Then, the root mean square errors (RMSEs) 
between the acceleration time histories provided in the analytical results and the corresponding 
strong motion response records were calculated, and the model with the lowest RMSE was selected 
as the best model. The natural frequency and damping ratio obtained in this study for the best 
model were 2.51 Hz and 0.069, respectively. 

 

 

 
 

The acceleration and velocity time-history waveforms of the best model under the strong motion 
records input are compared with the observed response records in Figure 8. The amplitudes and 
phases of the horizontal accelerations of the model superstructure and substructure showed 
excellent agreement with the observed response accelerations, whereas the modeled angular 
acceleration of the substructure departed somewhat from the observed response. 

To validate the derived analysis model, the seismic responses were calculated using the time-
history waveform observed during an aftershock of the 2011 off the Pacific coast of Tohoku 
Earthquake as input. The results are provided in Figure 9, which shows that although the angular 
acceleration and velocity of the model substructure were poorly reproduced, the horizontal 
accelerations and velocities of the model superstructure and substructure correspond well with the 
response records, confirming the validity of the model. 
 

system order 2~50

number of lines
of block matrix 60

m 1 　1.7×107 [kg]

m 2 　5.8×107 [kg]

I 　1.6×102 [kg･m2]

Table 1 Hyperparameters of system identification, mass, and rotational inertia 
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Conclusion 
In this study, a methodology for constructing the seismic response analysis model of a nuclear 
facility was demonstrated using the results of system identification using 4SID. This study 
accomplished the following: 

1) A method was derived to determine the stiffness and damping coefficients of the SR model 
using the average of the eigenvalues and eigenmode vectors from the system identification 
results obtained using 4SID. 

2) The system identification results were clustered, the stiffness and damping coefficients 
were calculated for each cluster, and seismic response models were constructed 
accordingly. The most valid analytical model was identified by conducting a seismic 
response analysis subjecting each model to the same input motion and then selecting the 
model with the smallest RMSE value relative to the corresponding strong motion response 
records. 

a) Acceleration  b)   Velocity 
Fig. 8 Comparison of model time-history waves with records of main shock acceleration and 

velocity 
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Fig. 9 Comparison of model time-history waves with records of aftershock acceleration and 
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3) The results obtained when inputting a strong motion record that was not used for system 
identification into the selected response analysis model agreed well with the corresponding 
response records, confirming the validity of the proposed method. 
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