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Abstract. This paper reports on the potential use of relaxor ferroelectric single crystal (RFSC) 
transduction to improve the sensitivity of the thin film multi-element Lamb wave sensor called 
LAMDA (linear array for modal decomposition and analysis). The previously reported LAMDA 
sensor was created using a high-density multi-element polyvinylidene fluoride (PVDF) electro-
polymer sensing array. The electromechanical coupling factor 𝑘𝑘 = 𝑑𝑑 √𝜀𝜀𝑇𝑇 ∗ 𝑠𝑠𝐸𝐸⁄ , which is 
proportional to the piezoelectric coefficient d, is considered important for an ultrasonic receiver 
such as LAMDA. Comparing the PVDF piezoelectric coefficient d31 ≈ 14 pC/N with that of a 
recent RFSC [011] Pb(Mg1/3Nb2/3)O3-Pb(Zr,Ti)O3 (or Mn-PMN-PZT) having d32 ≈ -1100 pC/N, 
suggests the replacement of the PVDF array with a RFSC array could lead to a significant 
improvement in the sensitivity of the LAMDA sensor and consequently broaden the scope of its 
potential application to structural health monitoring. To this end, multiphysics modelling has been 
performed which indicates a five-fold increase in signal voltage output from a Mn-PMN-PZT 
based RFSC LAMDA compared with the original PVDF LAMDA. Model predictions for both 
RFSC LAMDA and PVDF LAMDA sensors will be reported, compared, and discussed. 
Introduction 
A new sensing approach for detecting acoustic emission (AE) called linear array for modal 
decomposition and analysis or LAMDA was recently reported [1]. LAMDA is capable of 
determining the AE source location and potentially also the type of damage via modal signature 
analysis [2, 3]. LAMDA, which builds on earlier work in acoustic-wave-mode separation [4-6], 
incorporates a flexible multi-element array coupled with a high-bandwidth interrogation device 
[7]. Each individual element in the array is a longitudinal piezoelectric d3y-mode element, where 
the most sensitive piezoelectric axis being either  y= ‘1’ or ‘2’ direction is approximately aligned 
with the mechanical disturbance, and ‘3’ is the direction of the generated electric field being 
normal to the surface to which the LAMDA sensor is applied. The initial LAMDA studies 
employed a 55 µm thick polyvinylidene fluoride (PVDF) sensor for piezoelectric transduction of 
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acoustic plate waves generated by an AE event such as mechanical impact [1, 8]. The electrical 
response produced by a LAMDA sensor (i.e. in response to the acoustic plate waves) can be used 
to locate and potentially quantify a mechanical impact, including any resulting structural damage 
[2]. LAMDA is thus a powerful new approach for structural health monitoring [9].  

The piezoelectric coefficient of the material used to manufacture the LAMDA sensor plays a 
key role in determining the magnitude of the resulting electric response [10]. For ‘PVDF LAMDA’ 
the important piezoelectric coefficient is 𝑑𝑑31 ≈ 13.6 pC/N [11]. In comparison, a recently 
developed piezoelectric material known as relaxor ferroelectric single crystal (RFSC) offers 
significantly higher piezoelectric coefficients, one such example being  [011] Pb(Mg1/3Mb2/3)O3-
Pb(Zr,Ti)O3 (or ‘Mn-PMN-PZT’) with 𝑑𝑑32 ≈ −1100 pC/N [12]. With the PVDF 𝑑𝑑31 being almost 
80 times smaller than the RFSC 𝑑𝑑32, a significant improvement in sensitivity might be expected 
when using RFSC transduction within the LAMDA sensor (henceforth ‘RFSC LAMDA’). Since 
the LAMDA sensors are electromechanical in nature, the electromechanical coupling factor 𝑘𝑘 is 
expected to play a defining role in determining its sensitivity [10]. The electromechanical coupling 
factor is defined as  𝑘𝑘 = 𝑑𝑑 √𝜀𝜀𝑇𝑇 ∗ 𝑠𝑠𝐸𝐸⁄  , where 𝜀𝜀𝑇𝑇 is the permittivity and 𝑠𝑠𝐸𝐸 is the mechanical 
compliance [13]. The electromechanical coupling factors important for this work are: (i) 𝑘𝑘31𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 =
𝑑𝑑31 �𝜀𝜀33𝑇𝑇 ∗ 𝑠𝑠11𝐸𝐸⁄  for PVDF LAMDA, and (ii) 𝑘𝑘32𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 = 𝑑𝑑32 �𝜀𝜀33𝑇𝑇 ∗ 𝑠𝑠22𝐸𝐸⁄  for RFSC LAMDA [14].  
 

    
  

Figure 1. Plan view of 16-element LAMDA sensor (a) PVDF, and (b) RFSC prototype currently 
being manufactured. 

Fig. 1 shows plan view photographs of (a) the existing PVDF LAMDA, and (b) the prototype 
RFSC LAMDA currently being manufactured. Modelling was performed for both LAMDA 
sensors shown in Fig. 1 using commercially available software (COMSOL Multiphysics Version 
5.6) in order to understand the benefit, if any, that RFSC transduction would provide when 
compared with the original PVDF approach.  
Model details 
This section focuses on describing the model geometry used for comparing the PVDF LAMDA 
and RFSC LAMDA sensors. The modelled geometry comprised a linear array of 16 rectangular 
piezoelectric elements attached to a circular aluminium plate, 1.6 mm thick with a radius of 
70 mm. An infinite element domain was added by extending the radius of the aluminium plate by 
5% - this domain minimises the energy of any plate-boundary reflected waves in the model, 
reducing interference with the modelled piezoelectric response and also shortening the time taken 
to generate a solution. The elements of the PVDF LAMDA and the RFSC LAMDA sensors were 
assumed to have identical physical dimensions. As shown in Fig. 1 the individual elements were 
1 mm long, 5 mm wide, 55 µm thick, and separated by 0.27 mm. The modelled acoustic impulse 
source was located at the centre of the aluminium plate, with the nearest LAMDA sensing element 
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positioned approximately 30.5 mm away. This acoustic source-to-sensor distance was chosen to 
ensure the sensor was located in the acoustic far-field region, minimising the effects of near-field 
Lamb wave interference. Each modelled sensing element was electrically grounded at the interface 
between it and the aluminium plate. The effect of an adhesive bondline between the LAMDA 
sensor and the aluminium plate was ignored [15]. 

 
(a) 

 
(b) 

 

 
  

 
Figure 2.  (a) Full model geometry showing the aluminium plate, circumferential infinite element 

domain, and region ‘A’ with LAMDA sensor and plate, (b) the model geometry after half-plate 
symmetric reduction and with model mesh applied, (c) a magnified view of region ‘A’ containing 
region ‘B’ with LAMDA sensor and aluminium plate, and (d) a magnified view of region ‘B’ with 
model mesh applied and with the individual elements numbered 1-16. The piezoelectric sensing 

elements are represented as orange domains, the aluminium is light-grey, and the dark-grey 
circumferential domain is the infinite element domain. 

Fig. 2a is a schematic of the modelled geometry comprising a circular metal plate with a 
LAMDA mounted in the region designated as ‘A’. To reduce the degrees of freedom in the model 
(and hence reduce the model solve time) the geometry shown in Fig. 2a was split along the 
horizontal x-axis using a symmetric boundary condition. The lower half of the model depicted in 
Fig. 2b was used for solving and generating results. Additionally, a box 1.6 mm thick, 21 mm long, 
5 mm wide, and centred on the LAMDA sensing element was added to the model. The box was 
used during the model meshing sequence to increase the mesh density in the region of the LAMDA 
sensor. Fig. 2b illustrates the resulting half-plate symmetric geometry, and Fig. 2c is a magnified 
view of region ‘A’ (magenta outlined square in Fig. 2a). Mapped onto Fig. 2d is the mesh used to 
model the LAMDA sensor. The material parameters used in the model are listed in Appendix A. 
Table A1 contains the material properties used to model the aluminium plate, with Tables A2 and 
A3 providing the electromechanical properties for PVDF and the RFSC Mn-PMN-PZT 
respectively. The in-plane piezoelectric coefficient for RFSC is largest in the 2-direction (i.e. 𝑑𝑑32), 
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whereas for PVDF it is largest in the 1-direction (i.e. 𝑑𝑑31). The orientation of the piezoelectric 
material was defined in the model as a rotational system that was pre-defined depending on the 
material being modelled, with the largest piezoelectric coefficient parallel to the x-axis (horizontal 
axis in Figs. 2 and 3). Fig. 3 indicates the crystalline orientation of the PVDF and RFSC elements. 

 
(a) 

 
(b) 

Figure 3. Crystalline orientation for the individual elements of the (a) PVDF LAMDA and, (b) 
RFSC LAMDA sensors. 

Modelled acoustic impulse 
This section focuses on the modelled mechanical impulse used to produce surface acoustic (Lamb) 
waves in the aluminium plate. The mechanical impulse was applied normal to the centre of the 
plate as a pair of coupled point forces, located at the top and bottom of the plate centre, that were 
equal in direction and magnitude [16]. This impulse force selectively generated the asymmetric 
A0 wave, being the wave-type that produced the largest voltage response in the LAMDA 
piezoelectric elements. The impulse function used was the Hann-Windowed wave defined in Eq. 1,  

𝐹𝐹(𝑡𝑡) = 𝐹𝐹0  sin2 �𝜋𝜋𝜋𝜋
𝐶𝐶

(𝑡𝑡 − 𝑡𝑡0)� sin{2𝜋𝜋𝜋𝜋(𝑡𝑡 − 𝑡𝑡0)}  , (𝑡𝑡0 ≤ 𝑡𝑡 ≤ 𝐿𝐿 + 𝑡𝑡0)   (1) 
where  𝐹𝐹(𝑡𝑡) is the impulse force at time 𝑡𝑡 for a wave of 𝐶𝐶 cycles, 𝐹𝐹0 is the impulse amplitude, 𝑡𝑡0 
is a time delay, and 𝑓𝑓 is the centre frequency (see Appendix B for details). The time delay allows 
for the inclusion of a quiescent period in the simulation to prevent instantaneous model stresses. 
In this study a delay of 𝑡𝑡0 =  50 nanoseconds was used. The number of cycles chosen was 3.5, and 
the solver was run for three centre frequencies, 100, 200, and 500 kHz. The amplitude of the 
impulse force was set to 0.5 N, which due to the halving of the plate geometry corresponds to a 
1 N force for the full geometry. Fig. 4a is an example of the applied impulse wave force-time 
history corresponding to a centre frequency of 500 kHz (and includes the additional  
𝑡𝑡0 =  50 nanoseconds of delay). 

In the present work, for the impulse force described by Eq. 1, the bandwidth was defined as 
twice the centre frequency to cycle-number ratio,  

𝐵𝐵 = 2 ⋅ 𝑓𝑓
𝐶𝐶
 ,      (2) 

with the equivalent bandwidth indicated by a dotted horizontal line in Fig. 4b for an impulse with 
a centre frequency of 500 kHz. Eq. 3 was used to find the effective maximum frequency of the 
impulse, 

𝑓𝑓𝑚𝑚𝑚𝑚𝑚𝑚 ≈ 𝑓𝑓 ⋅ �1 + 2
𝐶𝐶
�      (3) 

The effective maximum impulse frequency is important since it was used to define the solver time-
step. The black-dashed vertical line Fig. 4b is an example of the maximum frequency used for an 
impulse with a centre frequency of 500 kHz. 
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(a) (b) 
 
Figure 4. (a) Example of the modelled impulse force using Eq. 1, with a centre frequency of 500 
kHz. (b) Fast Fourier Transform of (a) with the impulse frequency bandwidth indicated by the 
horizontal red dotted line, and the effective maximum frequency shown by the vertical black 

dashed line. 
Model mesh 
This section describes the mesh structure used in the model. The centre frequency of the impulse 
force was used to determine the mesh size for a particular model. Specifically, the maximum mesh 
size was 1/5th of the A0 wavelength of the chosen centre frequency [17], with the A0 wavelength 
for the particular centre frequencies (100, 200, and 500 kHz) determined using a commercially 
available database [18]. Note that the wavelength of the centre frequency was used to determine 
mesh size since that is the frequency that contains the bulk of the acoustic energy (i.e. Fig. 4b). 
A sweeping mesh was applied to the region designated as the infinite element domain (Figs. 2a, 
2b) [19]. One hundred elements in the radial direction for the infinite element domain was 
sufficient to minimise boundary wave reflection. A sweeping mesh of hexahedral elements was 
applied to the LAMDA sensor and also to the boxed region of the aluminium plate (see Fig. 2d, 
region ‘B’), with a free triangular mesh applied to the remainder of the plate. Applying the 
sweeping mesh to region ‘B’ kept the total degrees of freedom within the range of 850k to 910k 
depending on the selected centre frequency.  
Model solver 
This section describes the conditions used in the multiphysics model solver. A time-dependent 
solver was used, for which both the solver time-step and maximum solve-time were adjusted based 
on the chosen centre frequency. Mechanical impulses with a higher centre frequency create Lamb 
waves that travel faster across the plate and past LAMDA sensor, and thus did not require as long 
a solve-time. The maximum solve time was predefined for each centre frequency, being 75, 45, 
and 30 µs for centre frequencies 100, 200, and 500 kHz respectively.  

Regarding the time-step, the solver was set to strictly solve with a predefined time-step defined 
by Eq. 4. One full solve for a single modelled system (e.g. a solve with PVDF sensing elements 
and a centre frequency of 200 kHz) was found to take just under 2 hours using a high-end laptop 
PC. 

𝑡𝑡𝑠𝑠 = 60
𝑓𝑓𝑚𝑚𝑚𝑚𝑚𝑚

      (4) 
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Results and discussion 
This section will present and discuss model predictions for PVDF LAMDA and RFSC LAMDA 
sensors, including the modelled voltage signals generated by a passing A0 wave and their relative 
amplitudes.  

Examples of the modelled voltage waveforms generated by the PVDF LAMDA and RFSC 
LAMDA sensors are given in Fig. 5. In particular, Fig. 5 shows the voltage generated by element 
‘1’ (Fig. 2d) in response to the A0 Lamb wave created by a 3.5 cycle impulse at 500 kHz.  The 
waveforms for PVDF and RFSC are alike, displaying a similar number of peaks and near-identical 
peak timings for the main acoustic pulse. The main difference between the waveforms is that there 
is significantly more voltage generated by the RFSC element compared with the PVDF element. 
Specifically, the positive maximum-peak ratio was RFSC/PVDF = 0.19 V/0.037 V ≈ 5.1, with a 
peak-to-peak ratio of RFSC/PVDF ≈ 5.4. A similar improvement is seen across the range of 
modelled frequencies, 100 kHz to 500 kHz. An obvious difference between the waveforms plotted 
in Fig. 5 is their sign. At any particular point in time the PVDF and RFSC voltage waveforms are 
opposite in sign due to the difference in sign between PVDF d31 and RFSC d32 (Appendix A). 
Another difference is the small ripple in the RFSC waveform near 22 µs, possibly due to reflections 
from other elements in the RFSC LAMDA array, or from the walls due to imperfect absorption at 
the infinite element domain boundary (Fig. 1).  

 
 

Figure 5. Model results for a 3.5 cycle impulse at 500 kHz showing average surface voltage 
versus time for the leftmost sensing element numbered ‘1’ in Fig. 1d. PVDF element ‘1’ and 
RFSC LAMDA element ‘1’ are compared, and the maximum and minimum values are shown. 

Time ‘T1’ is the time taken for the main acoustic cycle to arrive at LAMDA sensor element ‘1’, 
and time T2-T1 is the time length for the two main pulse cycles. 

Due to the dispersive nature of Lamb wave propagation, as the centre frequency increases the 
group velocity of the wave increases and the pulse length decreases. Fig. 6 illustrates these effects, 
with the time T1 (Fig. 5) taken for the A0 pulse to travel the 30.5 mm from the plate centre to 
element ‘1’ decreasing as frequency is increased. The modelled pulse duration T2-T1 decreases in 
a similar fashion. These modelled results indicate that the multiphysics model is behaving as 
expected. 

RFSC 
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Figure 6. Model results for a 3.5 cycle impulse at different frequencies. Times T1 and T2 are 

defined in Fig. 5, with time ‘T1’ being the time taken for the main pulse cycle to arrive at 
LAMDA sensor element ‘1’, and time T2-T1 is the time length for the two main pulse cycles. 

Fig. 7 depicts the modelled response of the 16-element LAMDA array (Fig. 1d) for a 3.5 cycle 
500 kHz impulse excitation of the plate. Fig. 7a shows the response of the elements for the PVDF 
LAMDA, and Fig. 7b the response of the elements for the RFSC LAMDA.  
 

 
(a) 

 
(b) 

 
Figure 7. Model results for a 3.5 cycle 500 kHz impulse depicting the output voltage versus time 
for the 16 elements of the LAMDA sensing array shown in Fig. 1d, for (a) PVDF LAMDA, and 

(b) RFSC LAMDA. 
As indicated previously, the voltages produced by RFSC LAMDA are significantly greater than 

those of the PVDF LAMDA (i.e. Fig. 5). Fig. 7 shows the modelled propagation of a 3.5 cycle 
500 kHz A0 wave across the region containing the 16 elements that form the LAMDA sensor (i.e. 
region ‘B’ in Fig. 2c, and Fig. 2d). To aid this comparison, the scale of the colour legend for PVDF 
LAMDA in Fig. 7 is 5X smaller than that used for RFSC LAMDA (i.e. ±0.04 V versus ±0.2 V). 
Fig. 7 indicates, as expected, that the A0 pulse propagation through the Al plate and across the 16 
elements is similar for PVDF LAMDA and RFSC LAMDA. The main difference is the ~5X 
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increase in signal voltage produced by the RFSC sensing elements. This improvement is 
significant, however is smaller than the signal increase that might be expected with a simple 
comparison of piezoelectric coefficients for RFSC and PVDF, being  𝑑𝑑32 ≈ −1100 pC/N and 
𝑑𝑑31 ≈ 13.6 pC/N respectively.  

As mentioned earlier, it is anticipated that the electromechanical coupling factor 𝑘𝑘 will play an 
important role in determining the relative sensitivities of the two LAMDA sensor types [10]. Using 
parameters listed in Appendix A, the electromechanical coupling for PVDF LAMDA is 𝑘𝑘31𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 =
𝑑𝑑31 �𝜀𝜀33𝑇𝑇 ∗ 𝑠𝑠11𝐸𝐸⁄ = 0.0845, while for RFSC LAMDA 𝑘𝑘32𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 = 𝑑𝑑32 �𝜀𝜀33𝑇𝑇 ∗ 𝑠𝑠22𝐸𝐸⁄ = 0.876. The ratio 
of electromechanical coupling for RFSC compared with PVDF is 𝑘𝑘32𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅/𝑘𝑘31𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 = 10.4. As 
mentioned, the model predicted increase in sensitivity for RFSC LAMDA was ~5X, approximately 
half of that expected when comparing the electromechanical coupling of RFSC and PVDF. The 
difference is likely due to the mechanical compliance of the aluminium plate 14.5x10-12 1/Pa 
versus that of PVDF and that of RFSC, being 378.1x10-12 1/Pa and 69.3x10-12 1/Pa respectively, 
i.e. the mechanical strain in the PVDF elements will be dominated by the surface-strain in the 
aluminium plate, whereas the RFSC elements are less compliant by a factor of ~5.5 so will 
experience comparatively less strain. This compliance effect, and also the manufacture and 
characterisation of the RFSC LAMDA shown in Fig. 1b, will be reported in future work. 
Conclusion 
Multiphysics modelling has been performed for a Lamb wave sensor called LAMDA. The 
objective of the work was to investigate whether a LAMDA sensor based on relaxor ferroelectric 
single crystal (RFSC LAMDA) Mn-PMN-PZT will outperform the existing sensor based on 
polyvinylidene fluoride (PVDF LAMDA). For the purposes of modelling, both sensors were 
assumed to have identical geometry, with each sensor consisting of 16 piezoelectric elements and 
having dimensions 1 mm long, 5 mm wide, 55 µm thick, separated by 0.27 mm. For ultrasonic 
sensors such as LAMDA, the electromechanical coupling factor 𝑘𝑘 = 𝑑𝑑 √𝜀𝜀𝑇𝑇 ∗ 𝑠𝑠𝐸𝐸⁄  is considered to 
be an important parameter. For the two materials of interest in this work, the coupling factors are 
𝑘𝑘32𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 = 0.876 and 𝑘𝑘31𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 = 0.0845, with the ratio between them being 𝑘𝑘32𝑅𝑅𝐹𝐹𝐹𝐹𝐹𝐹/𝑘𝑘31𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 = 10.4. 
This suggests that a LAMDA sensor based on RFSC could potentially be one order of magnitude 
more sensitive than a sensor based on PVDF.  Using a normalised 3.5 cycle 500 kHz acoustic plate 
impulse, the multiphysics model comparison predicts that the RFSC LAMDA will produce a peak 
voltage response ~5X greater than the PVDF LAMDA. This is somewhat less than the factor of 
10.4X suggested by the ratio of coupling factors, and is likely due to the difference in mechanical 
compliance between the aluminium plate and that of PVDF versus that of RFSC, i.e. the PVDF 
elements are 5.5X more compliant than the RFSC elements. RFSC LAMDA is currently being 
manufactured, the results of its experimental testing will be reported elsewhere. 
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Appendix A 
Table A1 lists the modelled mechanical properties used for the aluminium plate shown in Fig. 2. 
Tables A2 and A3 list the electro-mechanical properties for the transducer materials used in the 
PVDV and RFSC LAMDA sensors. 

Table A1. Mechanical properties for modelled aluminium plate. 

Mechanical Property Value for Aluminium 
Density (kg/m3) 2700 

Mechanical Compliance (10-12 1/Pa) 14.5 
Poisson’s Ratio 0.33 
Table A2. Electrical and mechanical model parameters for PVDF. 

Electrical Mechanical 
d31 (pC/N) 13.58 S11 (10-12 1/Pa) 378.1 
d32 (pC/N) 1.476 S12 (10-12 1/Pa) -148.2 
d33 (pC/N) -33.8 S13 (10-12 1/Pa) -172.4 

ε11 7.4 S22 (10-12 1/Pa) 378.1 
ε22 9.3 S23 (10-12 1/Pa) -172.4 
ε33 7.74 S33 (10-12 1/Pa) 1092 

  S44 (10-12 1/Pa) 1110 
  S55 (10-12 1/Pa) 1110 
  S66 (10-12 1/Pa) 1428 
  Density (kg/m3) 1780 

Table A3. Electrical and mechanical model parameters for the RFSC Mn-PMN-PZT. 

Electrical Mechanical 
d31 (pC/N) 405 S11 (10-12 1/Pa) 16.2 
d32 (pC/N) -1100 S12 (10-12 1/Pa) -25.4 
d33 (pC/N) 820 S13 (10-12 1/Pa) 14.9 
d24 (pC/N) 145 S22 (10-12 1/Pa) 69.3 
d15 (pC/N) 1997 S23 (10-12 1/Pa) -43.6 

ε11 2891 S33 (10-12 1/Pa) 37 
ε22 861 S44 (10-12 1/Pa) 19.5 
ε33 2570 S55 (10-12 1/Pa) 179 

  S66 (10-12 1/Pa) 26.8 
  Density (kg/m3) 7900 
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Appendix B 
The expression for a Hann-Windowed wave centred about 𝑡𝑡 = 0  is defined by Eq. B1, 

ℎ(𝑡𝑡) ≜ 𝐴𝐴0 cos2 �𝜋𝜋𝜋𝜋
𝐿𝐿
�        �|𝑡𝑡| ≤ 𝐿𝐿

2
�      (B1) 

where the amplitude defined by 𝐴𝐴0 is typically 1
𝐿𝐿
  , with 𝐿𝐿 being the window length/duration.  

A translation of 𝜋𝜋
2
 can manipulate this expression to begin at 𝑡𝑡 = 0  and end at window length 𝑡𝑡 =

𝐿𝐿 . The resulting simplified expression is defined by Eq. B2. 
ℎ(𝑡𝑡) ≜ 𝐴𝐴0  sin2 �𝜋𝜋𝜋𝜋

𝐿𝐿
�     (0 ≤ 𝑡𝑡 ≤ 𝐿𝐿)      (B2) 

For a wave of 𝐶𝐶  cycles, centred around a frequency 𝑓𝑓, the resulting window length 𝐿𝐿 is defined 
by Eq. B3, 

𝐿𝐿 = 𝐶𝐶 ⋅ 1
𝑓𝑓
         (B3) 

where 1
𝑓𝑓
 is the period for one cycle. Substituting B3 into B2 and simplifying generates the resulting 

expression shown by Eq. B4,  
ℎ(𝑡𝑡) ≜ 𝐴𝐴0  sin2 �𝜋𝜋𝜋𝜋𝑓𝑓

𝐶𝐶
�     (0 ≤ 𝑡𝑡 ≤ 𝐿𝐿) .    (B4) 

The generalized expression of a traveling wave is given by Eq. B5, 
𝑦𝑦 = sin  {2𝜋𝜋𝜋𝜋𝜋𝜋} .       (B5) 

Multiplying Eq. B5 with the derived expression for the Hann-Windowed wave shown in Eq. B4 
gives us the resulting expression for the impulse wave in Eq. B6, 

𝑦𝑦(𝑡𝑡) = 𝐴𝐴0  sin2 �𝜋𝜋𝜋𝜋𝜋𝜋
𝐶𝐶
� sin{2𝜋𝜋𝜋𝜋𝜋𝜋}     (0 ≤ 𝑡𝑡 ≤ 𝐿𝐿) .   (B6) 

Finally, a time delay 𝑡𝑡0 is applied to prevent instantaneous stresses in the model that can produce 
solver errors, the result of which is defined by Eq. B7, 

𝑦𝑦(𝑡𝑡) = 𝐴𝐴0  sin2 �𝜋𝜋𝜋𝜋
𝐶𝐶

(𝑡𝑡 − 𝑡𝑡0)� sin{2𝜋𝜋𝜋𝜋(𝑡𝑡 − 𝑡𝑡0)}      (0 ≤ 𝑡𝑡 ≤ 𝐿𝐿) . (B7) 
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