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Abstract. Tie-rods are simple structural elements that have been commonly used throughout the 
centuries to improve the stability of old masonry buildings. Measuring the dynamic vibrations of 
such elements can give important information on the structural performance variation with time if 
proper system models can be calibrated taking into account all the relevant sources of uncertainties. 
This paper poses and solves the inverse problem of quantifying the uncertainty in the mechanical 
properties, tensile axial force and boundary conditions of tie-rods from measurements of their 
experimental frequencies of vibrations. It is assumed that the probabilistic models of the random 
entries of the problem, i.e., the mass per unit length, the bending stiffness, the tensile force and the 
boundary conditions, are known up to some parameters which need to be estimated. Both the 
physical and probability spaces are discretized using finite dimensional (FD) models, i.e., 
deterministic functions of time and/or space and finite numbers of random variables. Monte Carlo 
simulation is finally used to completely characterize the uncertain features obtaining the best 
estimation of all the unknown features such as mass per unit length, stiffness, boundary conditions 
and tensile force that give the target free vibration modal parameters, i.e. natural frequencies. 
Introduction 
The accurate estimation of the axial tensile force in tie-rods is one of the concerns when dealing 
with the performance assessment of old masonry structures. The problem is complex and it is yet 
far from having a unique solution. Tie-rods are simple structural elements that, when placed at the 
arches or vaults springings, contribute to the construction stability balancing the horizontal thrusts. 
Monitoring the changes in time of the tensile axial force in these elements can give information on 
possible mechanical failures causing a new internal forces distribution among the structural 
elements. As an example, cracks in the masonry walls or differential settlements, which can 
compromise the stability and the integrity of the whole building, can initiate this process of change 
in the internal forces in the structural elements, including the tie-rods. 

Several approaches have been proposed in the literature to estimate the axial tensile force, 
starting from the assumption to consider the tie-rod as a vibrating wire and measuring its first 
modal frequency [1]. Among all the proposed approaches it is worth recalling the first works where 
non-destructive static and/or dynamic tests were used [2-7] up to the most recent contributions 
where the combined use of experimental measures of the frequency response funct- 
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Figure 1. Structural model for the tie-rod. 

 
ions and numerical solutions of the structural problem with unknown parameters gave interesting 
results [8-12].  

The axial tensile force in tie-rods estimation is a classical inverse problem that can be ill-posed 
or ill-conditioned, depending on the available information, and the majority of the solution 
approaches proposed in the literature are set in a deterministic environment. On the other hand 
most of the geometrical and mechanical parameters, together with the boundary conditions are 
significantly affected by uncertainties, making the estimation problem even more difficult. A 
recent work investigated the influence of significant parameters on the evaluation of axial load 
through the application of frequency identification methods using the General Polynomial Chaos 
Expansion (gPCE) to perform sensitivity analysis [13]. 

This paper proposes a first approach to identify the random features of all the tie-rods uncertain 
quantities using numerical structural analysis and Monte Carlo simulation. First, initial assumption 
on the random models are proposed. Second, samples of all the involved tie-rod random 
parameters are generated and the corresponding numerical solutions of the tie-rod free vibration 
problem are obtained. Third, a suitable error function between the numerical natural frequencies 
and the target experimental values is minimized changing the main features of the assumed random 
models. The optimal solution is finally used to generate samples of all the involved uncertain tie-
rod characteristics and to describe their main random properties. The proposed approach provides 
the tensile axial force probability density function estimation.   
Problem definition 
The structural model of the tie-rod considered in this paper is summarized in Fig. 1. The tie-rod 
deflection is a vector-valued function of time and space which depend on the cable mechanical 
properties and tensile force T . In this paper, for simplicity, the projection {V (z; t); 0 ≤ z ≤ l; t ≥ 
0} of the deflection on the y − z plane will be considered. V (z; t) is a real-valued function of time 
and space which satisfies the partial differential equation 
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with arbitrary initial conditions, V (z, 0) and �̇�𝑉 (z, 0), and the boundary conditions, 
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where EI(z) denotes the flexural stiffness, R(z) = ρ(z)A(z) is the mass per unit length, ρ(z) is the 
mass density, A(z) is the cross-section area, and Ki, i = 1, 2, denote the stiffnesses of the end rotational 
springs. The solution V (z, t) of this equation describes the free vibration of the tie-rod in Fig. 1. It 
depends on the beam properties described by the parameters K1, K2 and T and the functions EI(z) 
and R(z).  

The objective of this study is to identify the tie-rod mechanical properties from experimental 
measurements giving natural frequencies and corresponding modal shapes. This problem does not 
admit an analytical solution even in the deterministic setting. The uncertainty in the beam 
mechanical properties is captured by the random variables K1, K2 and T and the random fields 
EI(z) and R(z). The main task in the stochastic setting is to identify the probability laws of the 
random variables K1, K2 and T and of the random fields EI(z) and R(z). 
Assumptions 
The random entries of Eq. 1 must satisfy physics constraints, i.e., the samples of the random 
variables K1, K2 and T and the samples of the random fields EI(z) and R(z) must take values in 
bounded intervals of (0, ∞). These constraints impose restrictions which are used to partially 
specify probabilistic models of the random elements in Eq. 1.  

The case study of this work is one of the four tie-rods in Santa Maria della Consolazione 
Temple, one of the most important monumental buildings in Umbria Region, Central Italy, located 
in the South West Area of Todi’s city. Laser vibrometer and radar interferometer experimental 
vibration measurements where performed with the aid of drones (Unmanned Arial Vehicles) 
because of the inaccessibility of the tie-rods [14]. The following probabilistic models are assumed: 

 
– Cross-section dimensions, B(z) = H(z) = 7 cm, can be considered constant along the tie- 

rod. It follows that the cross-section area, A(z) = A, and second moment, I(z) = I, are also 
constant. 

– Rotational springs K1 and K2 are independent Beta random variables with known support 
[0, 2x106] N m and unknown shape parameters (pi,qi), taking values in the bounded 
triangles Ji ={(u, v) : 1 ≤ u ≤8, 0 ≤ v ≤ u}, i = 1, 2. 

– Tension T is a Beta random variable with specified shape parameters p = q = 8 but unknown 
mean µT , and support [µT −α, µT + α], 0 ≤ α ≤ µT , , i.e., T = µT +2 α (X −1/2), where X 
denotes the standard Beta variable with support [0, 1] and p = q = 8. 

– Mass per unit length R(z) = FR ◦Φ (GR(z)) is a Beta translation random field whose image 
GR(z) is a homogeneous Gaussian field with zero-mean, unit-variance and correlation 
function E[GR(z) GR(z + y)] = exp − λR |y| , λR > 0. The map GR(z) → R(z) is defined by the 
marginal distribution FR of R(z) and the distribution Φ of the standard Gaussian variable. 
It is assumed that the support of FR is [0.8, 1.2] µρ , where µρ = 7500kg/m3, the shape 
parameters (pR, qR) of FR are unknown with values in [1, 8]2 and the decay parameter λR is 
in [0, 2]. 

– Joung modulus E(z) = FE ◦ Φ GE (z) is assumed to be a Beta translation random field with 
the same form as R(z) but independent of this field. Its samples take values in the range 
[0.8, 1.2] µE , where µE = 1.8 x1011 Pa, the shape parameters (pE, qE ) of the Beta distribution 
take values in [1, 8]2 and the decay parameter λE of the correlation function of GE (z) is in 
[0, 2]. 
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The ranges of the unknown parameters are selected after a preliminary sensitivity analysis 
solving the direct problem in Eq. 1 with the finite element (FE) approach. 

Since the probabilistic models of the random variables K1, K2 and T and the random fields R(z) 
and E(z) are mutually independent, samples of these random elements can be generated by standard 
algorithms, provided that the unknown parameters of their models are specified. The discretization 
of the probability space requires to approximate the random functions R(z) and E(z) in the 
definition of the stochastic problem, which constitute uncountable families of random variables 
indexed by time and/or space, by finite dimensional (FD) models, i.e., deterministic functions of 
time and/or space and finite numbers d < ∞ of random variables. In this case study, samples of the 
Gaussian image of R(z) are generated from the recurrence formula G(z + ∆z) = (1 − λG ∆z) G(z) 
+ (2 λG ∆z)1/2 Nz with the initial condition G(0) ~ N(0, 1), where ∆z > 0, N(0, 1) is a standard 
Gaussian variable and {Nz} are independent N(0, 1) variables which are independent of G(0) [15]. 
Identification of unknown model parameters 
Denote by (ν1(ξ, ω), ν2(ξ, ω),...) the modal frequencies of the system in Eq. 1 obtained from a sample ω 
of the random variables K1, K2 and T and the random fields R(z) and E(z) corresponding to a given value 
of the vector ξ = ( p1,  q1, p2,  q2, µT , α, pR,  qR,    λR, pE, qE, λE) of unknown parameters of the probabilistic 
models of these random elements. Samples (ν1(ξ, ω), ν2(ξ, ω),...) of the modal frequencies are delivered by 
the FE numerical solution of Eq. 1. 

Denote by (νexp,1, νexp,2,…) the experimental values of the modal frequencies. The mean square 
error E[(νq(ξ ) − νexp,q)2], q = 1, 2,... , is used to quantify the discrepancy between calculated and 
measured modal frequencies and can be estimated from samples (ν1(ξ, ω), ν2(ξ, ω),...) of the modal 
frequencies. The discrepancy between the first 𝑞𝑞� calculated and measured modal frequencies is 
measured by the objective function 

 

𝜀𝜀(𝜉𝜉 ) =  ∑ 𝑤𝑤𝑞𝑞𝐸𝐸[�𝜈𝜈𝑞𝑞(𝜉𝜉) − 𝜈𝜈𝑒𝑒𝑒𝑒𝑒𝑒,𝑞𝑞�
2

]𝑞𝑞�
𝑞𝑞=1                 𝑞𝑞� = 1,2, … (3) 

 
where {wq} are weighting factors. The optimal value ξopt of ξ minimizes the objective function, 
i.e., ε(ξopt) = minε {ε(ξ )}. 
Standard genetic algorithms are used to find ξopt, i.e., identify the optimal models of the random 
elements in the definition of  Eq. 1, by a two step procedure. First, the initial vector of parameters 
ξ0 = ξˆ0 (first row of Table 1) using, as much as possible, the information obtained from a site 
survey are set. Second, the objective function in Eq. 3 is minimized by genetic algorithms varying 
the number of samples, ns of the random variables K1, K2 and T and the random fields R(z) and 
E(z) corresponding to a given value of the vector ξ of unknown parameters of the probabilistic 
models, i.e. ns = [10, 50, 100], between the limits fixed in rows two, ξmin, and three ξmax of Table 
1. 

Table 1. Values of the parameter vector ξ and corresponding ε(ξopt). 

 p1 q1 p2 q2 µT 
105 N 

α 
105 N pR qR λR pE qE λE ε(ξopt) 

ξˆ0 5 1.5 5 1.5 2 0.30 2 3 0.3 3 2 0.3 — 
ξmin 1 1.0 1 1.0 0 0.05 1 1 0.0 1 1 0.0 — 
ξmax 8 8.0 8 8.0 5 0.90 8 8 2.0 8 8 2.0 — 
ξopt10 5.9 2.8 5.6 2.2 4.2635 0.6051 3.7 5.4 1.7 4.1 3.0 1.3 0.0222 
ξopt50 6.3 3.3 6.2 3.3 4.2823 0.6033 3.5 5.2 1.8 4.7 3.5 1.7 0.0215 
ξopt100 7.2 3.0 6.1 2.8 4.1027 0.6206 3.1 6.5 1.9 4.8 4.7 1.5 0.0239 
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Table 2. First two tie-rod natural frequencies statistics estimated from ns = 10000 samples. 

 νexp,1 = 4.4920 νexp,2 = 9.4320 

 E[ν1(ξopt,ω)] cov γ3 γ4 E[ν2(ξopt,ω)] cov γ3 γ4 

ξopt10 4.4613 0.0191 -0.0324 2.8871 9.4321 0.0178 -0.0324 2.9338 

ξopt50 4.4613 0.0190 -0.0264 2.9221 4.4280 0.0176 -0.0264 2.8619 

ξopt100 4.4629 0.0191 0.0126 2.8636 4.4394 0.0177 0.0126 2.8743 

Results 
Using the described assumptions, the objective function in Eq. 3, with 𝑞𝑞� = 2 (νexp,1 = 4.492, νexp,2 
= 9.432) and wq = [1, 1], is minimized considering the optimum reached when the variation in the 
objective function in Eq. 3 using the last 50 populations is lower than 0.01. The results of the 
optimization are listed in Table 1, that shows the optimal parameter vectors, ξopt10 , ξopt50 , ξopt100. 
Table 2 shows the estimated first four statistical moments for the two natural frequencies ν1(ξopt, 
ω) and ν2(ξopt, ω) based on ns = 10000 samples of the involved random variables K1, K2, T , and 
fields, R(z), E(z), corresponding to each of the optimal vectors ξoptns. Given the limited space 
available the estimated probability density functions of the tensile axial force and the estimated 
numerical natural frequencies are not shown. 

Two main findings can be highlighted. First, Table 1 shows slight variations on the compo- 
nents of the optimal parameter vectors ξoptns obtained with different values of ns ∈ {10, 50, 100}. 
These variations seem to be related to the inherent statistical variability of the proposed method. 
Second, this apparent variability in the optimal results is not reflected in the estimated random 
features of both tensile force and natural frequencies. The coefficient of variation is about 3% and 
lower than 2% (Table 2) for the axial tensile force and natural frequencies, respectively. 
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