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Abstract. This study presents an original inelastic beam-like model for the simulation of the 
nonlinear dynamic behaviour of three-dimensional buildings subjected to earthquake loadings. 
The proposed model is defined as a step-wise shear only cantilever beam, whose segments have 
the same mechanical properties of the corresponding inter-storeys of the building. The inter-storey 
constitutive laws are calibrated by means of the results of a static nonlinear analysis performed on 
the 3D FEM model of the building. An inverse nonlinear static identification procedure allows 
obtaining an inelastic beam-like model equivalent to the more demanding 3D FEM model, related 
to a specific direction and under a precise distribution of horizontal loadings. Dynamic nonlinear 
analyses performed on this simplified model allow a drastic reduction of the required 
computational effort and time with respect to the more demanding 3D FEM model. The reliability 
of the proposed beam-like model is validated through numerical applications on an irregular multi-
storey RC frame representative of residential buildings in Catania designed to resist only gravity 
loadings.  
Introduction 
The simulation of the seismic response of multi-storey buildings is nowadays mostly performed 
by means of 3D FEM models and requires a relevant computational effort. In some contexts, such 
as preliminary design or seismic vulnerability assessment at urban scale, simplified models are 
anyway more desirable since they allow reducing the required computational burden. 

Several MDOF simplified models have been presented in the scientific literature for the 
evaluation of both linear and nonlinear dynamic response of multi-storey buildings and particular 
interest has been devoted to beam-like equivalent models. Most of these studies deal with linear-
elastic models [1, 2, 3, 4, 5, 6, 7].  

Since the response of buildings subjected to seismic loads is predominantly inelastic, some 
researchers have proposed simplified inelastic equivalent MDOF models. In the context of beam-
like models Kuang and Huang [8] modelled a wall-frame structure with uniform stiffness as an 
equivalent continuum system consisting of a combination of a flexural cantilever and a shear 
cantilever. In the latter case, a bilinear hysteretic model is used for the material properties of 
flexural and shear cantilevers. Ragni et al. [9] proposed a displacement-based method, particularly 
devoted to the seismic design of steel frames equipped with dissipative braces, by using an 
equivalent continuous beam-like model where flexural deformability and shear deformability are 
related to columns and diagonals of the bracing system respectively.  

In the present paper an original inelastic beam-like model endowed with shear deformability 
only is presented. A cantilever beam with along axis multi-step discontinuous variations of the 
cross section, each uniform beam segment representing a building inter-storey, is considered. The 
calibration of the nonlinear shear-displacement relationship of each uniform beam is obtained by 
means of a pushover analysis performed, along a considered direction, on a FEM model of the 
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analysed building. The displacement time history at each storey, as well as the inter-storey drifts, 
can be then obtained by means of the equivalent beam model. The proposed beam-like model has 
a number of degrees of freedom equal to the number of floors and therefore allows a drastic 
reduction of the computational burden with respect to the full FEM model. Therefore, it could be 
very useful in the seismic vulnerability assessments procedures that require several nonlinear 
dynamic analyses such as those expressed in terms of probability of failure by means of fragility 
curves. The numerical applications here reported refer to a reinforced concrete case study and 
show the comparison between the response time histories to an assigned seismic accelerogram of 
both a nonlinear FEM model and the proposed equivalent beam allowing highlighting the good 
accuracy of the described procedure.  
The proposed inelastic beam-like model 
In this section a new shear-only cantilever beam-like model, suitable to simulate the seismic 
inelastic response of a 3D framed building, is presented. The beam properties allow representing 
the inhomogeneous and the inelastic properties of the building along its height, assumed variable 
from one floor to the other. The mass of the beam-like model is assumed to be consistent with the 
actual mass distribution of the 3D structural model, and can be concentrated at the floor levels as 
well as, when required, partially distributed along the height. 

Nonlinear constitutive laws are assumed to represent the inter-storey inelastic behaviour of the 
building. The beam-like model is calibrated considering a pushover analysis on the full 3D FEM 
model to reproduce the nonlinear behaviour of the three-dimensional building along a specific 
loading direction including torsional effects. It is worth highlighting that the inelastic beam model 
will exhibit a constitutive law that rigorously depends not only on the load direction but also on 
the adopted distribution of forces. Different load distributions have been tested in the numerical 
applications but only one of them has been reported in the following for the sake of brevity.  

The beam element is divided into a number Nf sub-beam shear deformable elements whose 
length hi is equal to the inter-storey height. The characterisation of the inelastic response of each 
i-th uniform beam sub-element can be defined by an appropriate uniaxial inelastic constitutive law, 
in terms of shear force Ti and inter-storey drift ∆si. Fig. 1.a and 1.b summarise the equivalent shear 
beam-like model approach described so far. 

The equivalence between the considered building and the corresponding beam-like model is 
enforced by calibrating the latter to predict the same pushover curve obtained by performing 
nonlinear static analysis on the 3D FEM model in a specific direction and under a precise 
distribution of horizontal loadings. Therefore, the tangent shear stiffness of each inter-storey beam 
segment (which provides the same inter-storey displacements obtained by the 3D FEM model) is 
calculated according to a step-by-step procedure. In particular, the inter-storey shear force is equal 
to the sum of the shear forces of the structural vertical elements (columns and walls) of the 
considered inter-storey, while the displacement is equal to the difference between the mean values 
of the displacements of the nodes situated at the top and at the bottom of the considered inter-
storey in the direction of loading. These values, collected for each step of the pushover analysis, 
allow drawing the nonlinear “inter-storey capacity curve” and relate the shear force to the 
corresponding relative displacement.  
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Figure 1 - a) Discretization of the equivalent beam-like model with nonlinear constitutive law of 

the i-th sub-element and b) the deflection of the equivalent beam under the considered load 
distribution 

 
In this study the inter-storey constitutive laws have been defined according to bilinear energy-

equivalent elasto-plastic models. In the numerical applications, reported in the next section, elasto-
plastic behaviour with kinematic hardening has been adopted. 

It is worth noting that the equivalent multi-degree-of-freedom beam-like model, as reported in 
Fig. 1, leads to the evaluation of all the floor displacements allowing modelling global as well as 
partial failure mechanisms. In Fig. 1, in each i-th inter-storey im  denotes the distributed mass, iM  
the lumped mass, yT  and uT  the yielding and ultimate shear force, respectively, and ys∆  and us∆  
the yielding and ultimate inter-storey drifts, respectively. 

The results reported in the following section show how the proposed inelastic beam-like model 
can be able to reproduce the nonlinear static and dynamic behaviour of an entire building with 
sufficient accuracy drastically reducing the required computational time.  
Numerical application 
In this section the proposed inelastic beam-like model is applied to a multi-storey RC frame 
representative of residential buildings designed to resist only gravity loads. A detailed description 
of the building can be found in [10].  

After being opportunely calibrated, as described in the previous paragraph, the proposed multi-
stepped beam was adopted for simulating the static and dynamic inelastic behaviour of the building 
and the results, in terms of static and seismic response, were compared to those obtained by means 
of the conventional 3D FEM model performed using the software SAP2000 v.23. 

The capacity curves depend on the applied distribution of forces, therefore in [10] different 
loading patterns have been taken into account in order to investigate the corresponding differences 
in predicting the inelastic responses. In the following, for the sake of brevity, only the force 
distribution associated with the fundamental natural mode is used. 

The forces in the FEM and in the beam-like models are applied to the center of gravity (centroid) 
of each floor of the building, separately in the x and y directions. The values of the applied forces 
from the bottom to the top floor are assumed as follows: [0.1712 0.3654 0.5809 0.8087 1.0000 
0.9502] in x direction; [0.1934 0.3828 0.5847 0.8114 1.0000 0.9466] in y direction. 

The results of the nonlinear static analysis performed on the FEM model have been obtained in 
terms of inter-storey capacity curves in both x and y directions. The obtained inter-storey capacity 
curves have been transformed into equivalent bilinear elasto-plastic force-displacement laws with 
positive kinematic hardening. The equivalence has been obtained by imposing the equality 
between the areas below the nonlinear and bilinear capacity curves and assuming as initial inter-
storey stiffness the tangent to the origin of the inter-storey capacity curve. 

The stiffness values of each beam segment, assumed as initial stiffness in the successive 
nonlinear analyses, the inelastic limits and the hardening parameters for each beam segment are 
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reported in Table 1. In Fig. 2 only the inter-storey inelastic equivalent force-displacement laws in 
x direction are reported, analogous curves have been obtained in y direction. 

Once each inter-storey nonlinear behaviour has been defined, it is possible to perform nonlinear 
pushover analyses by making use of the beam-like model. 

 
Table 1 - Initial stiffness, inelastic limits and hardening parameters for each beam segment 

Beam 
segment 

Height 
h [m] 

Initial stiffness 
R [N/m] ∙ 10^8 

Yielding force 
Fy [N] ∙ 10^5 

Post yielding stiffness 
RT [N/m] ∙ 10^6 

x y x y x y 
1 4.30 2.532 2.664 12.907 11.748 2.757 8.067 
2 3.30 2.033 2.286 11.569 9.820 4.390 10.653 
3 3.30 1.646 1.853 10.253 8.705 3.796 8.708 
4 3.30 1.263 1.358 8.727 7.565 2.658 7.003 
5 3.30 1.086 1.160 6.550 5.906 1.372 5.181 
6 3.30 1.008 1.084 2.953 2.679 21.823 21.300 

 

 
Figure 2 - Inter-storey capacity curves (CapCurve in black), the corresponding Back-Bone 

curves (red) and the extended Back-Bone without limits of the ductile behaviour (BackBoneEx 
dashed in red) in x direction 

 
The nonlinear pushover analyses of the equivalent beam-like model consider the same 

horizontal load distribution adopted for the FEM model but refer to simplified inter-storey 
constitutive laws. The forces are applied on the beam axis at the floor level and are proportionally 
increased until conventional values of 0.25 m or 0.2 m top displacements are obtained, respectively 
in x and y directions.  

For each considered direction, the capacity curves representative of the global behaviour of the 
building have been retrieved by considering the above-described beam-like models and expressed 
in terms of base shear force F and top floor displacement U. In Fig. 3.a-b the comparisons between 
the global capacity curves, obtained by means of the FEM and the beam-like models in x and y 
directions, are reported showing a satisfactory agreement.  
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a) b) 
Figure 3 - Capacity curves in a) x and b) y direction 

In the following the beam-like model is adopted to predict the nonlinear dynamic response of 
the considered building by means of nonlinear dynamic analyses. Aiming to simulate 
representative seismic inputs that may occur on the Italian peninsula, nonlinear dynamic analyses 
were performed by considering the real seismic records in the x and y directions that occurred in 
L’Aquila (2009). 

The reliability of the nonlinear dynamic response of the beam-like model was evaluated by 
comparing the time histories of the displacements of the centre of gravity at each floor in the 
considered direction. In the FEM model, the displacements of the centre of gravity have been 
calculated as the mean values of the four corner nodes of the same floor. Fig. 4 reports the time 
histories, expressed in terms of floor level displacements Ui with i=1, …,6, in x and y directions 
compared to the results of the FEM model, for L’Aquila earthquake. 

 

    
a)                                                                           b)  

Figure 4 - Dynamic response to L’Aquila earthquake in a) x and b) y directions obtained by 
means of the beam-like (red curve) and FEM (black curve) models 

Due to the planar irregularity of the building the results are slightly different in x and y direction, 
anyway it can be seen that the proposed inelastic beam model is able to reproduce the nonlinear 
dynamic behaviour of the entire building with a good accuracy. The proposed beam-like model 
allows reducing drastically the computational burden, in fact, the computational time required by 
the beam-like model for each dynamic nonlinear analysis is about 60 times lower than the one 
required by a FEM model. 
Conclusions 
An original inhomogeneous and inelastic beam-like model suitable for the evaluation of the 
nonlinear dynamic response of multi-storey buildings subjected to seismic excitations is here 
presented. The proposed model is conceived to be representative of the nonlinear behaviour of the 
building when subjected to a prescribed distribution of horizontal forces in a specific direction. 
The beam-like model is calibrated on the results of pushover analyses performed on a FEM model 
of the entire building when subjected to an assigned horizontal load distribution. The equivalent 
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beam-like model allows reproducing the nonlinear dynamic response of the building with a drastic 
reduction of the computational burden compared to the full FEM model. The model has been 
validated with reference to a 6-storey reinforced concrete structure, representative of residential 
buildings designed to resist only gravity loads. The results obtained for the beam-like model, in 
terms of response time histories to a recorded earthquake, have been compared to the 
corresponding full FEM model, showing a very good agreement. Considering its drastically 
reduced computation effort, the use of the presented beam-like model could be particularly 
advantageous for simplified seismic vulnerability approaches at urban scale and in the seismic 
assessment analyses expressed in terms of statistical probability of failure such as the fragility 
curves. 
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