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Abstract. Within the framework of the second-order theory, some classical stability problems, 
whose critical load corresponded to dynamic instability, were considered in the paper [1]. The 
main focus was on systems with just one lumped mass. This idealization, together with the 
assumption of negligible axial strain and the adoption of the second-order theory, reduced the 
considered systems to a single Lagrangian coordinate. In this way, static methods could be applied 
to derive the analytical expression of the stiffness coefficient and to study the dynamic stability, 
starting with a well-known example, namely, a cantilever beam with a lumped mass at the free end 
subjected to a follower load [2]. In this paper, a new lumped mass system is studied: a straight-
axis beam with constant cross-sectional area and stiffness, mass-free, hinged at one end, simply 
supported at an intermediate point (with a sliding plane parallel to the beam axis) and with the 
other end free, where a lumped mass is present and a follower force is applied. As in the examples 
shown in [1], in this example the first asymptote of the stiffness coefficient corresponds to the 
critical load, due to divergence at infinity. It is shown that this critical load is equal to the buckling 
load due to divergence of an auxiliary structure, which differs from the original one in that the 
concentrated mass is replaced by a constraint that blocks the corresponding Lagrangian coordinate.  
Introduction 
A classical stability problem involving a straight-axis Euler Bernoulli beam without damping, with 
a concentrated mass 𝑀𝑀, inflecting in a plane, subjected to follower loads is discussed. No 
allowance is made for axial strain, and displacements are assumed to be small. This idealization 
reduces the system to a single Lagrangian coordinate 𝑢𝑢. Therefore, the equation of motion due to 
an initial perturbation can be written in the form: 

𝑀𝑀�̈�𝑢 + 𝐾𝐾𝑢𝑢 = 0                                                                                                                            (1) 

where the stiffness coefficient 𝐾𝐾 takes second-order effects into account. It follows that stability 
depends on the sign of the stiffness coefficient. If it is positive, the motion is oscillatory and 
bounded. If it is negative, the motion is unbounded and non-oscillatory (divergence). Since the 
system possesses just one Lagrangian coordinate, unbounded oscillatory motion (flutter) cannot 
occur. In fact, a dynamical system that can be schematized with a lumped mass constrained by a 
linear spring and for which motion is governed by Eq. 1 is a conservative system with total energy 
ℰ (kinetic plus potential) equal to 

ℰ = 1
2

 𝑀𝑀�̇�𝑢2 + 1
2

 𝐾𝐾𝑢𝑢2                                                                                                                           (2) 
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which is conserved during the motion. The stability of such a system can therefore be studied 
statically by using Dirichlet’s theorem and then going on to determine the sign of 𝐾𝐾. If 𝐾𝐾 >  0 the 
potential energy in the initial undeformed configuration is minimum and the system is stable 
whereas if 𝐾𝐾 <  0 the potential energy in the initial undeformed configuration is maximum and 
the system is unstable. 

In [1] systems depicted in Fig. 1a, 1b and 1c have already been studied. Referring, for 
simplicity, to the system in Fig. 1a, the dependence of the stiffness coefficient on the applied load 
is nonlinear, due to the adopted mass modeling, so the change of sign of the stiffness coefficient 
may occur due to the presence of an asymptote. As the compressive load slowly increases from 
zero, the stiffness coefficient increases and consequently the vibration frequency increases. When 
the load tends to the critical value, the stiffness coefficient tends to infinity and the corresponding 
mass displacement tends to zero [2]. If the load is slightly higher than the critical load, the other 
branch of the function is involved and the stiffness coefficient is negative, corresponding to non-
oscillatory unbounded motion. 

This phenomenon is named divergence at infinity [3]. It is a dynamic instability, since it 
depends on the mass properties of the structure, and it can occur in systems that possess just one 
Lagrangian coordinate and are subjected to follower loads. In these cases, divergence at infinity 
can be studied by analyzing the sign of the stiffness coefficient, i.e., although divergence at infinity 
is a dynamic instability, a static method can be applied. The phenomenon of divergence at infinity 
also occurs for the structures in Fig. 1b and 1c. 

In this paper, a new lumped mass system is studied: a straight-axis beam with constant cross-
sectional area and stiffness, massless, hinged at one end, simply supported at an intermediate point 
at a distance 𝑎𝑎 from the hinge and with the other end free in which there is a lumped mass and a 
follower force is applied (Fig. 2a). In the case of uniformly distributed mass, the system was 
studied by Zorii and Chernukha [4] and later by Elishakoff and Hollkamp [5]. 

Intuitively, for 𝑎𝑎 → 0 one should find the results already obtained in [1], while for 𝑎𝑎 →  𝑙𝑙 one 
should find again the Eulerian critical load. This implies (as indeed already pointed out in [4] and 
later in [5]) that there should exist a transition value 𝑎𝑎 = 𝑎𝑎∗ such that when 𝑎𝑎 < 𝑎𝑎∗ there is 
instability by divergence at infinity, while for 𝑎𝑎 > 𝑎𝑎∗ there is Eulerian instability by divergence. 
Other lumped mass systems have been studied (Fig. 2b and 2c) but not discussed here for brevity 
of exposition.  

 
Fig. 1: Cantilever beam with lumped mass subject to (a) a follower force 𝑃𝑃 at the free end, (b) to 
a follower force 𝑃𝑃 applied at an intermediate point, and (c) to a uniformly distributed follower 

force 𝑝𝑝. 



Theoretical and Applied Mechanics - AIMETA 2022  Materials Research Forum LLC 
Materials Research Proceedings 26 (2023) 393-398  https://doi.org/10.21741/9781644902431-64 

 

 
395 

 
 
 

 
Fig. 2: Beam hinged at one end, free at the other end, simply supported at an intermediate point, 
with a mass concentrated at the free end and subject to (a) a follower force 𝑃𝑃 at the free end, (b) 

a conservative force 𝑄𝑄 and a follower force 𝑃𝑃 at the free end, and (c) a uniformly distributed 
follower force 𝑝𝑝.  

Applying a static method to detect divergence at infinity 
Consider the example in Fig. 2a, i.e., a straight-axis beam of length 𝑙𝑙, with a constant cross-section 
and moment of inertia 𝐽𝐽, with no distributed mass, hinged at one end, simply supported at an 
intermediate point at distance 𝑎𝑎 from the hinge and with the other end free in which there is a 
concentrated mass 𝑀𝑀 and a follower force 𝑃𝑃 is applied. The stiffness coefficient 𝐾𝐾 is determined 
by using the direct method, that is, neglecting the mass and applying a transverse static force 𝐹𝐹 
acting transversely to the beam at the free end such as to produce a unit displacement in the 
direction of 𝐹𝐹. 

Having chosen, as shown in Fig. 2a, the hinged end as the origin of the 𝑧𝑧-coordinate along the 
axis of the beam and denoting by 𝐸𝐸 the Young’s modulus, the deflected curve 𝑣𝑣(𝑧𝑧), can be 
obtained by prescribing 

𝐸𝐸𝐽𝐽𝑣𝑣𝑖𝑖𝐼𝐼𝐼𝐼 + 𝑃𝑃𝑣𝑣𝑖𝑖𝐼𝐼𝐼𝐼 = 0  with  𝑖𝑖 = 1  for  0 ≤ 𝑧𝑧 ≤ 𝑎𝑎,   𝑖𝑖 = 2   for   𝑎𝑎 ≤ 𝑧𝑧 ≤ 𝑙𝑙                             (3) 

with boundary conditions: 

𝑣𝑣1(0) = 0,      𝑣𝑣1𝐼𝐼𝐼𝐼(0) = 0,        𝑣𝑣2(𝑙𝑙) = 0,        𝑣𝑣2𝐼𝐼𝐼𝐼(𝑙𝑙) = 0                                                    (4) 

and with the continuity conditions: 

𝑣𝑣1(𝑎𝑎) = 𝑣𝑣2(𝑎𝑎) = 0,      𝑣𝑣1𝐼𝐼(𝑎𝑎) = 𝑣𝑣2𝐼𝐼(𝑎𝑎),      𝑣𝑣1𝐼𝐼𝐼𝐼(𝑎𝑎) = 𝑣𝑣2𝐼𝐼𝐼𝐼(𝑎𝑎).                                                (5) 

By solving the equation of the deflected curve, it is possible to determine 𝐾𝐾: 

𝐾𝐾 = −𝐸𝐸𝐽𝐽𝑣𝑣2𝐼𝐼𝐼𝐼𝐼𝐼(𝑙𝑙) = 𝑃𝑃𝑃𝑃 ∙ 𝑎𝑎 sin(𝛼𝛼𝑎𝑎)
𝛼𝛼𝑎𝑎2 sin(𝛼𝛼𝛼𝛼)−𝛼𝛼𝑎𝑎𝛼𝛼 sin(𝛼𝛼𝛼𝛼)+𝛼𝛼 sin(𝛼𝛼𝑎𝑎)∙[cos(𝛼𝛼𝑎𝑎) sin(𝛼𝛼𝛼𝛼)−cos(𝛼𝛼𝛼𝛼) sin(𝛼𝛼𝑎𝑎)]

             (6) 
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with 𝑃𝑃2 =  𝑃𝑃/𝐸𝐸𝐽𝐽. Assuming 𝑐𝑐 =  𝑎𝑎/𝑙𝑙, Fig. 3 shows the dimensionless stiffness coefficient 
𝐾𝐾𝑙𝑙3/𝐸𝐸𝐽𝐽 as a function of 𝑃𝑃𝑙𝑙 for different 𝑐𝑐. For 𝑐𝑐 =  0 a well-known case is found [2]. In this case, 
asymptotes occur as 

tan(𝑃𝑃𝑙𝑙) = 𝑃𝑃𝑙𝑙                                                                                                                                     (7) 

and the first asymptote (divergence at infinity) corresponds to 𝐾𝐾𝑙𝑙3 𝐸𝐸𝐽𝐽⁄ = 20.1934. If 𝑐𝑐 =  1 
another well-known case is obtained: the pinned-pinned Euler rod to which corresponds the 
Eulerian critical load 𝐾𝐾𝑙𝑙3 𝐸𝐸𝐽𝐽⁄ = 9.8696. Analyzing the same graph as 𝑐𝑐 increases from zero to 
one, we move from instability by divergence at infinity to Eulerian instability by divergence. Such 
a transition occurs when 𝑐𝑐 =  0.5. 
 
Table 1: Critical loads for different values of 𝑐𝑐 for (a) the real beam, (b) the auxiliary beam, and 

(c) the real beam without lumped mass. 

𝑐𝑐 =
𝑎𝑎
𝑙𝑙
 

  

 

0 20.19342097 20.19342097 ∞ 
0.1 23.22477944 23.22477944 986.96044011 
0.2 27.05331941 27.05331941 246.74011003 
0.3 31.75504645 31.75504645 109.66227112 
0.4 36.79994680 36.79994680 61.68502751 
0.5 39.47841374 39.47841760 39.47841760 
0.6 27.41556778 36.79994680 27.41556778 
0.7 20.14204980 31.75504645 20.14204980 
0.8 15.42125688 27.05331941 15.42125688 
0.9 12.18469679 23.22477944 12.18469679 
1 9.86960440 20.19342097 9.86960440 

 
Comparing the critical load by divergence at infinity with the Eulerian critical load by 

divergence of an auxiliary structure. Consider 𝑐𝑐 = 0. As it is well known, Eq. 7 coincides with the 
equation that determines the Euler buckling load of a clamped-pinned beam. This coincidence is 
due to the fact that when the critical load is approached by slowly increasing the applied follower 
load, the stiffness coefficient tends to infinity (Fig. 3a) and the displacement of the free end tends 
to zero. This fact happens for all values of 𝑐𝑐 between 0 and 0.5, that is, when there is instability 
by divergence at infinity. A general hypothesis already highlighted in [1] is confirmed: when 
instability is due to divergence at infinity, if one considers an auxiliary structure, different from 
the original one in that the lumped mass is replaced by a constraint that blocks the corresponding 
Lagrangian coordinate, and if the critical load of this new structure is due to divergence, that is, it 
does not depend on the mass distribution, then it coincides with the critical load by divergence at 
infinity of the original structure. It is then noticed that for 𝑐𝑐 ≥  0.5 the critical load coincides with 
the Eulerian critical load of the massless beam. This circumstance is also noticed for the beams in 
Fig. 2b and 2c. Therefore, it can be assumed that, in general, if one wants to determine the dynamic 
critical load of a linear elastic structure subjected to follower forces in the small displacements 
regime, it suffices to determine the minimum critical load between the one determined with the 
auxiliary structure first introduced in Fig. 4a and the one determined statically (looking for 
equilibrium configurations other than the trivial) starting from the assigned structure in Fig. 4b. 
Table 1 shows the values of the critical loads thus deduced. It can be seen that for 0 ≤ 𝑐𝑐 ≤ 0.5 the 

b 

c 

a 
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correct critical loads are those of the auxiliary structure while for 0 ≤ 𝑐𝑐 ≤ 1  the correct critical 
loads are those derived statically from the actual structure. 

 

 
 
Fig. 3: Dimensionless stiffness coefficient 𝐾𝐾𝑙𝑙3/𝐸𝐸𝐽𝐽 versus 𝑃𝑃𝑙𝑙 when (a) 𝑐𝑐 =  0, (b) 𝑐𝑐 =  0.25, (c) 

𝑐𝑐 =  0.5, (d) 𝑐𝑐 =  0.75, (e) 𝑐𝑐 =  1. 
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Fig. 4: (a) Auxiliary structure, (b) real beam without lumped mass. 

 
Conclusions 
Within the second order theory, a static method was detected to determine the critical load due to 
divergence at infinity in systems subjected to follower loads where the mass is modelled just as a 
lumped mass. The critical load is determined statically by taking the minimum value between the 
Eulerian critical load of an auxiliary structure and the Eulerian critical load of the given structure. 
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