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Abstract. Numerical homogenization strategies can provide average mechanical responses, either 
in stress or coupled-stress quantities, which include many phenomenological features. 
Nonetheless, a direct application of numerical homogenization in sensitivity analysis in which 
uncertainty is propagated becomes impractical, as hundreds or thousands of simulations are 
conventionally required. In this study, a reliable and rapid predictive surrogate model is developed 
aiming to characterize the homogenized response of masonry. The case of English-bond 
arrangement is addressed, and the following steps are considered: (1) creation of a synthetic 
database through numerical homogenization based on a Finite-Element method, generated by 
randomization of model parameters; (2) training of a nonlinear Gaussian process; and (3) 
approximation of homogenized stress-strain curves for a masonry wall and for both linear and 
nonlinear ranges. The performance of the proposed technique is evaluated using training-
validation-test in terms of computational accuracy. Results indicate that computational time is 
lessened 1200% while relative errors remain below 5-10%.  
Introduction 
Including uncertainty in the mechanical analysis of masonry structures is generally achieved 
through forward propagation of uncertainty. Input variables are assumed to be random and 
uncertainty is propagated aiming to evaluate its effect in the mechanical response [1]. Inverse 
propagation is the opposite process and it is receiving attention due to the advance of surrogate 
modelling, as for instance to predict cement mortar strength [2], but also in dynamic identification 
problems [3]–[5]. Inverse problems allow predicting the parameters of a given system through a 
data-driven framework and within a probabilistic prediction interval. Although these are receiving 
a growing attention [6], its extension to the mechanical analysis of masonry structures is still 
limited. 

In such a context, the present study tries to tackle such opportunity. Classical Finite-Element 
(FE) and Discrete-Element (DE) strategies are expensive to run when analyzing masonry 
structures in the inelastic range and when parameter uncertainty is considered. This study 
addresses such difficulty by reducing the high computational time-cost required. The provision of 
a mesoscopic numerical model through a homogenization technique [7]–[11] and within a 
probabilistic framework has a paramount role, as it can provide data for training and testing of a 
surrogate model. In specific, a Gaussian process [12] is adopted since it offers promising accuracy 
when applied to non-linear structural mechanics problems [6], [13]. The presented strategy is thus 
based on numerical tools only, which is convenient as it precludes the need of other data sources 
such experimental tests. Hence, the study develops a simple-to-use and fast model based on a 



Theoretical and Applied Mechanics - AIMETA 2022  Materials Research Forum LLC 
Materials Research Proceedings 26 (2023) 325-330  https://doi.org/10.21741/9781644902431-53 

 

 
326 

Gaussian process to predict the homogenized in-plane mechanical response of an English-bond 
masonry wall. 
Mesoscopic boundary value problem 
A meso-mechanical problem is solved to compute average field variables for the in-plane 
mechanical response of masonry. The problem is formulated for the case of regular and periodic 
masonries. A single Representative Volume Element mΩ  (RVE) is defined. The kinematical 
description of the in-plane case assumes that the macroscopic strain tensor E is obtained as the 
volume average of the mesoscopic strain field ( )m m y=ò ò  over the associated volume mV  of the RVE 
(Eq. (1)). The mesoscopic strain field can be decomposed into a macro-scale and meso-scale 
contributions. The homogenized generalized stress is computed considering the mesoscopic stress 
field mσ  upon RVE equilibrium following the Hill-Mandell principle. The homogeneous 
macroscopic stress tensor Σ  can be written as the volume average of the mesoscopic stress field 

)(m m y=σ σ  over the RVE (Eq. (1)). 
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A 2D unit-cell FE model based on a Kirchhoff-plate theory method is adopted to solve the 

meso-scale BVP. Brick units ( 235 115 70× × mm3) are modelled as elastic and through quadrilateral 
FEs and material nonlinearity is lumped on mortar joints that are represented through interface 
FEs. Such assumption is particularly adequate for strong unit masonry structures [14]. The so-
called composite interface model [15] is adopted, which is able to reproduce fracture, frictional 
slip and crushing along the interface elements of the joints. It is defined by a convex composite 
yield criterion with three individual functions able to represent softening behavior, i.e. a (i) a 
tension cut-off criterion designated as , 1criterionf  and defined in Eq. (3); (ii) a Mohr-Coulomb shear 
criterion designated as , 2criterionf  and defined in Eq. (4); and (iii) a cap in compression designated 
as , 3criterionf  and defined in Eq. (5). 
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Here, σ  is the generalized stresses, tf  is the interface bond strength, c  is the interface cohesion, 

φ  is the friction angle; P  is a projection diagonal matrix and p  a projection vector based on 
material parameters [15]; f

ftG , II
fG  are the mode-I and mode-II fracture energy terms, respectively; 

1σ , 2σ  and 3σ  are the effective stresses of each the adopted yield functions governed by the 
internal scalar variables 1κ , 2κ  and 3κ , respectively. The deterministic strategy given in [14] was 
enriched by attributing probability distribution functions to each input parameter; specifically to 
both geometric and material properties. If X defines the random input variables iX , then one can 
write the following: 
 

, , , , , , , ,, },{ .I I II
brick mortar t ft c fc f c jointX E f G f G c G f t tE=  (6) 
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in which : ( )i iX X X f x=∀ ∈  whereas ( )f x is assumed to be an uniform function. The sampling 
of random variables (RVs) is achieved by the Latin Hypercube method. The solution of the 
mesoscopic BVP is processed simulN  times, hence finding simulN  homogenized quantities. 

Gaussian process emulation 
A Gaussian process is a non-parametric probabilistic model that can be used for nonlinear 
regression of an existent model, hence approximating the structural response containing noise for 
classification problems [16]. For the present study, the nonlinear mapping between the input 
parameters and the corresponding homogenized stress-strain curves of the masonry will be 
approximated using a Gp. A Gp is fully defined by a mean and covariance function that is dependent 
on a set of parameters – known as hyperparameters – that must be estimated from a training data 
set. The mean m and covariance V are given by: 
 

2( ) ( ) ( , ) ( , )m x x V x x s x x= =H β R .  (7) 

in which N p×∈H R  is a regression matrix, 𝛃𝛃 ∈ ℝ𝑝𝑝 is a vector of regression coefficients, x
represents the strain and parameters described in the previous section that define the stress-strain 
curve, 2s  is a scalar response variance and  𝐑𝐑 ∈ ℝ𝑁𝑁×𝑁𝑁 is a correlation matrix. The matrix H
contains N  first order polynomial functions 1 1( ) [1 ]h x x=  of degree 2p = . The matrix R  contains 
the entries for a correlation function, which has been assumed to be linear: 
 

  ( , , ) max{0,1 | |}R x x x xω ω′ ′= − − .  (8) 

in which ω  is a roughness parameter [17] that represents how roughly the response changes 
between training data points. The hyperparameters that define the above functions, 2{ , , }sϑ = β ω , 
must be estimated from training data. Summarily, a likelihood function that describes how well 
the model fits the data is established and maximized. To simplify it, analytical expressions can be 
found for 2s  and β . For further theoretical details see [16]. 

Training and testing data 
The homogenized EΣ −  curves have been generated through the meso-mechanical model. The 
input parameters are given in Table 1. Both friction angle φ  and masonry wall thickness t  are 
assumed to be deterministic variables. An elastic response has been considered in compression, 
which is acceptable for a strong-unit-weak-joint type of masonry.  
 

Table 1 – Random input for the meso-mechanical model. 
 Random parameters 

iX  brickE  
(N/mm2) 

mortarE  
(N/mm2) 

,t mortarf  
(N/mm2) 

I
ftG  

(N/mm) 

II
fG  

(N/mm) 
c  

(N/mm2) 
jointt  

(mm) 
[X ]iE  [1000;15000] [500;4000] [0.05;0.40] [0.005;0.015] [0.02;0.055] [0.05;0.80] [10;15] 

 
The generated data comprises 2697 curves for each associated Cauchy’s deformation mode: (i) 

in-plane tension xx, (ii) in-plane tension yy, and (iii) in-plane shear xy. Homogenized curves are 
presented in Fig. 1. Each curve is composed of 100 points with a total of 269700samplesN =  points. 
Nonetheless, only 2.9% have been randomly selected for the training ( 7600trainingN = points) and 
20% for the testing (Ntesting). 
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Fig. 1 – Probabilistic homogenized stress-strain curves used in the Gaussian process emulation. 
Discussion of results 
The elastic and inelastic homogenized responses have been emulated separately since the curves 
have a discontinuity between these ranges. Note that such division is easily achieved by scanning 
the peak of each curve. The mean function and prediction interval of two curves are hence 
predicted – elastic and inelastic ranges –, being subsequently merged to form the full predicted in-
plane response of the periodic masonry arrangement. The mean function is used for the validation 
or testing of the predicted results. In the elastic part, both the estimated Young’s modulus and 
elastic strain energy are validated against the reference data, as given in Fig. 2. Results indicate 
that relative errors below 10% are expected for the homogenized Young’s modulus when the 
training data are equal to 2697 points. From an energetic standpoint, a total of 1500 points are 
enough to respect such threshold of 10%, as given in Fig.2(b).  

  

(a) Young’s modulus (b) elastic strain energy 
Fig. 2 – Relative errors of the predicted response in the elastic range. 

For the inelastic range, the estimated peak and plastic strain energy, based on the Gp predicted 
mean function, are evaluated and compared with the reference testing data. The relative error is 
plotted in Fig. 3(a) and Fig. 3(b), respectively. In this case, all the training samples (Ntraining = 7900 
points) have been used, for which relative errors below 5% for the peak stress are found; and 
around 10% for the plastic strain energy in shear (xy curve) and vertical tension (yy curve) and 
around 4% for horizontal tension (curve xx). We can also highlight the existence of a plateau for 
Ntraining > 7900 points, meaning that the improvement of the solution accuracy in the inelastic range 
may require a significant number of more data. 
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(a) peak stress (b) plastic strain energy 
Fig. 3 – Relative errors of the predicted response in the inelastic range. 

Conclusions 
A Gaussian process has been used to predict the in-plane mechanical homogenized response of an 
English-bond masonry. The framework is purely numerical data-driven and proved its efficiency 
to compute the elastic and inelastic ranges of the in-plane tension (horizontal and vertical 
directions) and shear responses has been demonstrated. The homogenized Young’s modulus, the 
elastic strain energy, the strength value, and the inelastic strain energy were considered to 
demonstrate the accuracy level. Generally, the Gaussian process is effective and accurate even for 
a small number of training data. After the training step, it requires in average 4 seconds to compute 
each homogenized curve, i.e. ~1200% lower than the time required by the meso-mechanical 
simulation. Its generalizability is guaranteed, as the topological input is independent on the type 
of masonry bond. Lastly, the study gives an important contribution to the application of inverse 
methods for the structural analysis of masonry structures. The results are promising and may lead 
to a future publication, in which case studies at a structural level will be provided. 
References 
[1] B. Pulatsu, S. Gonen, E. Erdogmus, P. B. Lourenço, J. V Lemos, and R. Prakash, “In-plane 
structural performance of dry-joint stone masonry Walls: A spatial and non-spatial stochastic discontinuum 
analysis,” Eng. Struct., vol. 242, p. 112620, 2021, https://www.doi.org/10.1016/j.engstruct.2021.112620 
[2] P. G. Asteris, L. Cavaleri, H.-B. Ly, and B. T. Pham, “Surrogate models for the compressive 
strength mapping of cement mortar materials,” Soft Comput., vol. 25, no. 8, pp. 6347–6372, 2021, 
https://www.doi.org/10.1007/s00500-021-05626-3 
[3] A. Jesus, P. Brommer, R. Westgate, K. Koo, J. Brownjohn, and I. Laory, “Modular Bayesian 
damage detection for complex civil infrastructure,” J. Civ. Struct. Heal. Monit., vol. 9, no. 2, pp. 201–215, 
2019, https://www.doi.org/10.1007/s13349-018-00321-8 
[4] A. Jesus, P. Brommer, R. Westgate, K. Koo, J. Brownjohn, and I. Laory, “Bayesian structural 
identification of a long suspension bridge considering temperature and traffic load effects,” Struct. Heal. 
Monit., vol. 18, no. 4, pp. 1310–1323, Sep. 2018, https://www.doi.org/10.1177/1475921718794299 
[5] A. Jesus, P. Brommer, Y. Zhu, and I. Laory, “Comprehensive Bayesian structural identification 
using temperature variation,” Eng. Struct., vol. 141, pp. 75–82, 2017, 
https://www.doi.org/10.1016/j.engstruct.2017.01.060 
[6] P. D. Arendt, D. W. Apley, and W. Chen, “Quantification of Model Uncertainty: Calibration, Model 
Discrepancy, and Identifiability,” J. Mech. Des., vol. 134, no. 10, Sep. 2012, 
https://www.doi.org/10.1115/1.4007390 
[7] P. B. Lourenço, M. F. Funari, and L. C. Silva, “Building resilience and masonry structures : How 

0 2000 4000 6000 8000

Training data (samples)

0

10

20

30

40

50

60

xx
xy
yy

0 2000 4000 6000 8000

Training data (samples)

0

10

20

30

40

50

60

xx
xy
yy



Theoretical and Applied Mechanics - AIMETA 2022  Materials Research Forum LLC 
Materials Research Proceedings 26 (2023) 325-330  https://doi.org/10.21741/9781644902431-53 

 

 
330 

can computational modelling help ?,” in Computational Modelling of Concrete and Concrete Structures, 
1st Editio., G. Meschke, B. Pichler, and J. G. Rots, Eds. London: CRC Press, 2022, pp. 30–37. 
[8] M. F. Funari, L. C. Silva, N. Savalle, and P. B. Lourenço, “A concurrent micro/macro FE-model 
optimized with a limit analysis tool for the assessment of dry-joint masonry structures,” Int. J. Multiscale 
Comput. Eng., vol. 20, no. 5, pp. 65–85, 2022, 
https://www.doi.org/10.1615/IntJMultCompEng.2021040212 
[9] M. F. Funari, L. C. Silva, E. Mousavian, and P. B. Lourenço, “Real-time Structural Stability of 
Domes through Limit Analysis: Application to St. Peter’s Dome,” Int. J. Archit. Herit., pp. 1–23, Oct. 2021, 
https://www.doi.org/10.1080/15583058.2021.1992539 
[10] D. Addessi and E. Sacco, “Enriched plane state formulation for nonlinear homogenization of in-
plane masonry wall,” Meccanica, vol. 51, no. 11, pp. 2891–2907, 2016, 
https://www.doi.org/10.1007/s11012-016-0484-1 
[11] J. A. Dauda, L. C. Silva, P. B. Lourenço, and O. Iuorio, “Out-of-plane loaded masonry walls 
retrofitted with oriented strand boards: Numerical analysis and influencing parameters,” Eng. Struct., vol. 
243, p. 112683, 2021, https://www.doi.org/https://doi.org/10.1016/j.engstruct.2021.112683 
[12] S. Conti, J. P. Gosling, J. E. Oakley, and A. O’Hagan, “Gaussian process emulation of dynamic 
computer codes,” Biometrika, vol. 96, no. 3, pp. 663–676, Jul. 2009, [Online]. Available: 
http://www.jstor.org/stable/27798855 
[13] L. Portelette, J.-C. Roux, V. Robin, and E. Feulvarch, “A Gaussian surrogate model for residual 
stresses induced by orbital multi-pass TIG welding,” Comput. Struct., vol. 183, pp. 27–37, 2017, 
https://www.doi.org/10.1016/j.compstruc.2017.01.009 
[14] S. Sharma, L. C. Silva, F. Graziotti, G. Magenes, and G. Milani, “Modelling the experimental 
seismic out-of-plane two-way bending response of unreinforced periodic masonry panels using a non-linear 
discrete homogenized strategy,” Eng. Struct., vol. 242, no. December 2020, 2021, 
https://www.doi.org/10.1016/j.engstruct.2021.112524 
[15] P. B. Lourenço and J. G. Rots, “Multisurface Interface Model for Analysis of Masonry Structures,” 
J. Eng. Mech., vol. 123, no. 7, pp. 660–668, Jul. 1997, https://www.doi.org/10.1061/(ASCE)0733-
9399(1997)123:7(660) 
[16] S. Conti and A. O’Hagan, “Bayesian emulation of complex multi-output and dynamic computer 
models,” J. Stat. Plan. Inference, vol. 140, no. 3, pp. 640–651, 2010, 
https://www.doi.org/10.1016/j.jspi.2009.08.006 
[17] N. Cressie, Statistics for Spatial Data. Wiley series in probability and mathematical statistics. New 
York, USA: Wiley, 1993. 
 
 


	Gaussian process emulation for rapid in-plane mechanical homogenization of periodic masonry
	Introduction
	Mesoscopic boundary value problem
	Gaussian process emulation
	Training and testing data
	Discussion of results
	Conclusions
	References


