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Abstract. Bone is an extraordinary biological material able to modify dynamically its outer shape 
and inner microstructure in response to chemo-mechanical stimuli coming from the environment 
adapting its hierarchical microstructure to respond to static and dynamic loads for offering optimal 
mechanical features, in terms of stiffness and toughness. To date, many theories and mathematical 
models have been proposed by several authors to describe the remodeling phenomenon, all 
approaches starting from the adaptive elasticity and the bone maintenance theories. Within this 
framework, one of the most classical strategies employed in the studies is the so-called Stanford’s 
law, which allows uploading the effect of the time-dependent load-induced stress stimulus into a 
biomechanical model to guess the bone structure evolution. In the present work, we generalize this 
approach by introducing the bone poroelasticity, thus incorporating in the model the role of the 
fluid content that, by driving nutrients and contributing to the removal of wastes of bone tissue 
cells, synergistically interacts with the classical stress fields, in this way affecting growth and 
remodeling of the bone tissue. Two paradigmatic example applications, i.e. a cylindrical slice with 
internal prescribed displacements idealizing a tract of femoral diaphysis pushed out by the pressure 
exerted by a femur prosthesis and a bone element in a form of a bent beam, and a real study case 
of a patient subject to total hip replacement, and CT scanned at 24 hours after surgery and at 1 year 
post-surgery have been considered. It has to note that the proposed model is capable to catch more 
realistically both the transition between spongy and cortical regions and the expected non-
symmetrical evolution of bone tissue density in the medium-long term, unpredictable with the 
standard approach. Although limitations still characterize some hypotheses at the basis of the 
present approach, the proposed model overcomes the intrinsic - and unrealistic - independence of 
the bone remodeling from the stress sign and from the indirect effect of stress gradients driving 
nutrients through the flow of the fluid content in the tissue, allowing to predict important spatial 
asymmetries in bone mass density, so paving the way to more reliable mechanobiological 
strategies and engineering tools for the faithful prediction of bone remodeling, with implications 
in diagnosis of risk fracture, optimal design of scaffolds and bone prostheses. 
Introduction 
The bone tissue is a dynamic system able to modify dynamically its outer shape and inner 
microstructure in response to chemo-mechanical stimuli coming from the environment, through 
several processes such as growth (mass change), remodeling (material properties change) and 
morphogenesis (shape and structural changes). The first studies were based on clinical 
observations. Galileo Galilei compared the dimensions of bones from animals of different sizes 
and suggested that their forms were determined by their functions, gravity and environment [1]. 
To date, many theories and mathematical models have been proposed by several authors to 
describe the remodeling phenomenon [2]. Two general approaches are proposed in the literature: 
the adaptive elasticity theory and the bone maintenance theory. The adaptive elasticity theory, is 
a continuum mechanical-based formulation, in which the remodeling equations relate the change 
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of the bone tissue density to mechanical stimuli [3] In particular, a mathematically rigorous theory 
for the remodeling of the internal architecture of the cancellous bone, called the evolutionary 
Wolff's law, was proposed by [4]. On the other hand, the bone maintenance theory, developed by 
[5], is based on optimizing a local remodeling objective function depending on the apparent 
density, the orientation of material axes, and the stress tensor. Expanding these ideas, Carter [6] 
introduced the daily remodeling stimulus. Beauprè [7] proposed the so-called Stanford law by 
extending the bone maintenance theory including time-dependent remodeling and adding surface 
growth, with internal remodeling considered as surface growth in internal cavities.  
The influence of interstitial fluid on bone remodeling plays a crucial role, often highlighted in literature with respect 
to processes occurring at cellular level [8], and is believed to play important roles in providing nutrients and removing 
wastes, being directly involved in cellular mechano-transduction [9]. By starting from this framework, the present 
study is aimed to extend the Stanford law proposed by [10] by including the dimensionless fluid content, in a way to 
affect the relation between stress stimulus at the tissue level and the rate of density responsible for the remodeling, 
regulating the nutrients supply and thus the activity of bone tissue cells, being the stress stimulus at tissue level 
supposed as a function of the density, the stress, and the fluid content as well.  

Materials and Methods 
A time-dependent bone tissue remodeling theory – the Stanford law  
Beauprè [7] proposed a unified time-dependent approach – known as the Stanford law – for 
periosteal and internal bone. The essence of this approach is that the bone tissue needs a certain 
level of mechanical stimulus to maintain itself. At the macroscopic scale, the bone adaptation 
process is described on a daily basis by relating the remodeling rate to a set of stresses 
corresponding to successive loading conditions. At the microscopic level, the bone remodeling 
response is expressed by the daily stress stimulus at the tissue level, and the remodeling response 
is measured in terms of the bone resorption/formation rate, which gives the net tissue volume 
formed or resorbed per unit time, with a homeostatic region corresponding to a range of “normal” 
activities, and absorption and formation zones associated with decreased and increased levels of 
daily stress stimulus, respectively.  

Moreover the density change rate, is directly related to the bone surface area per unit volume. 
Summing up, the internal and external remodeling are treated in a unified surface-mediated 
phenomenon.  
 
The role of the interstitial fluid content in bone remodeling – the proposal 
In this work, a new remodeling formulation, aimed to extend the Stanford law by including the 
dimensionless fluid content [11], is proposed. We thus assumed that the stress stimulus at tissue 
level is a function of the density, the stress, and the fluid content. In this way, the fluid content can 
be interpreted as a triggering factor influencing both the support of nutrients and the removal of 
wastes of bone tissue cells, in turn affecting the relation between stress stimulus at the tissue level 
and remodeling rate of density. This more realistic interpretation of the bone remodeling process 
is translated mathematically  by means of an ad hoc function fζ , related to the dimensionless fluid 
content ζ , as follows 
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where the quantity (1 )+ζ  works as an activator factor and γ  is the power to be set for properly 
describing the effectiveness of the action. The power value γ  depends in fact on the level of 
activities of the bone tissue cells, the concentration and quality of the fluid and the possible 
presence of growth factors, and needs to be determined by experimental tests. Hence, the stress 
tissue at tissue level is supposed to be proportional to the fluid content through the function fζ  
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with effects on the bone formation and resorption rate, and the , modifying the DZ window width 
in the case of homeostasis. 
 
The proposed examples 
Two paradigmatic examples of direct interest in biomechanical applications have been chosen to 
verify the feasibility and the effectiveness of the proposed remodeling approach, that is a beam 
with a rectangular section undergoing bending moment and a bi-phase hollow cylinder subject to 
prescribed radial displacements at the innermost boundary [12, 13]. To this purpose, both the 
classical Stanford Law and our proposal have been implemented by means of customized 
algorithms in the numerical Finite Element code ANSYS® Multiphysics (ANSYS Inc., 
Canonsburg, PA, USA) and the obtained results have been compared. The adopted poroelastic 
material parameters are provided by [14] 
Discussion and Results 
The numerical simulations have been performed with the aim of simulating the remodeling process 
during a period of 360 days. At the end of each iteration, once calculated the current value of the 
density for each element, the corresponding material properties have been consequently updated. 
As an effect to the applied bending moment the material grows on the outer surfaces and absorbs 
in the central part of the beam. The density distribution produced by using the Stanford law 
(continuous red line) remains symmetrical during the time with highest and equal values at the 
outermost fibers. On the contrary, the proposed formulation leads to have asymmetry of the results 
in terms of spatial distribution of density during remodeling (continuous blue line), see Figure 1 
(left). Both formulations gave a thickening of the material up to the cortical value at the internal 
radius, however in a faster way for the poroelastic model, see Figure 2 (right). Additionally, when 
implementing our formulation (continuous blue line), the density became quite symmetrical at 180 
days with cortical density values at the internal and external radius. Conversely, when 
implementing the Stanford law, the density reached the cortical value for most of the section. 
 

 
Figure 1: Plot of the density (continuous) and fluid content (dotted) when implemented Stanford 
law (red) and our proposal (blue), along with the height of the beam (left) and the radius of the 
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cylinder (right) at 10 days 60 days, 180 and 360 days. Contour plots of the density and fluid 
content when implemented Stanford law (upper row) and our proposal (lower row), along with 
the height of the beam (left) and the radius of the cylinder (right) at 10 days 60 days, 180 and 

360 days. 
A real study case for testing the proposed model 
A real patient from the clinical trial at the Healthcare Center of the Icelandic National Hospital has 
been considered, and the related CT data at 24 hours have been used to build-up the corresponding 
in silico model by means of the voxel-based approach [15]. Due to the high computational times 
related to poroelastic-based remodeling analyses, the geometry-based meshing strategy was 
chosen, and bone material properties, both elastic and porous parameters, were estimated from CT 
data. The model was loaded by forces on the prosthesis cup by considering the actions related to 
the living daily activities [16] and constrained in the distal part of the model. Both the classical 
Stanford’s law and our proposal were implemented in the FE-based algorithm, performing the 
numerical simulations for a period of 360 days, finally comparing the results of the two models. 
Figure 2 shows the whole three-dimensional femur obtained by filtering CT data (left), the maps 
of the density of the considered transverse section at 24H (top-middle) and 1Y (bottom-middle), 
and the corresponding plot of the densities obtained by CT data along a line from the innermost to 
outermost points across a femur region actually interested by significant changes in bone density, 
with clear spatially inhomogeneous transition from cortical to trabecular tissues.  
 

 
Figure 2: The whole femur (left), the maps of the actual density over the considered transverse 

sections in the trochanter region at 24H (top-middle) and 1Y (bottom-middle), and the 
corresponding plot of the densities obtained by CT data (up). Plot reporting the comparison 

between predictions from Stanford law (red) and from our proposal (blue) of the bone densities 
along the transverse section of the femur in the trochanter region at 10 days, 60 days, 180 days 

and 360 days (down). 
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The comparison between the predictions from Stanford law (red) and from our proposal (blue) 
as densities along the transverse section of the femur in the trochanter region at 10 days, 60 days, 
180 days and 360 days is shown in Figure 2 (down). Both the model approaches produced a denser 
bone at the interface with the prosthesis. However, when implementing the Stanford law, the 
simulated remodeling process predicts values of density close to those of the cortical bone in the 
whole section, starting from the outcomes at 60 days and up to one year, in contrast to the actual 
density distribution one year after the implant. On the contrary, the proposed strategy seems 
instead affect growth and remodeling, the densities curves replicating more faithfully the actual 
bone density profile measured at one year along the selected line of the femur slice of the 
benchmark. 

 
A sensitivity analysis to set the activation factor 
The function fζ  is a measure of the surplus of fluid content strictly related to the applied loads to 
which the bone tissue is subjected to. If the fluid content is positive, the bone tissue has a surplus 
of fluid and, as a consequence, a greater supply of nutrients and a better capability to remove 
wastes of bone tissue cells. Conversely, when negative, the dearth of the fluid reduces the amount 
of nutrients available for bone tissue cells and helps the stack of wastes. When null, the bone tissue 
does not involve a strain due to proroelastic effect and thus the bone tissue is soaked by basal fluid, 
and the effect of the activator factor vanishes. Due to the key role of the fluid content on the 
remodeling phenomenon, a in silico sensitivity analysis to set the activator factor was performed 
on the real patient model. It must be highlighted that, despite the very encouraging obtained results, 
the a priori setting of the crucial parameter p of the proposed model would deserve a deeper 
discussion, for example by designing an experiment to be performed in vitro, a topic that is 
however beyond the scope of the present work.  
Conclusions 
The work presented an improved version of the classical so-called Stanford’s law by coupling the 
direct effect of the stress stimulus on bone growth with the spatially inhomogeneous nutrient 
supply kindled by pressure gradients inside the bone, modeled as a poroelastic medium. Two study 
cases, i.e. a ring under axis-symmetrical conditions and a plate under pure bending, were built up 
and numerically solved, which gave symmetrical results when adopting standard approaches based 
on Stanford’s law, giving instead non-symmetrical and biophysically coherent results in terms of 
bone density spatial distribution, if the classical Stanford’s law was enriched by taking into account 
the role of the fluid transporting nutrients throughout the poroelastic bone medium. Moreover, a 
real patient case was considered, and once again, the results obtained with the proposed affect 
growth and remodeling, the densities curves replicating more faithfully the actual bone density 
profile measured at one year along the selected line of the femur slice of the benchmark. Although 
limitations still characterize some hypotheses at the basis of the present approach, the proposed 
model overcomes the intrinsic – and unexpected – independence of the bone remodeling from the 
stress sign and from the indirect effect of stress gradients driving nutrients through the flow of the 
fluid content in the tissue, allowing to predict important spatial asymmetries in bone mass density, 
so paving the way to more reliable mechanobiological strategies and engineering tools for the 
faithful prediction of bone remodeling, with implications in diagnosis of risk fracture, optimal 
design of bone prostheses and precise medicine. 
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