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Abstract. A 4-nodes flat shell Finite Element (FE) is formulated on the basis of an assumed 
interpolation of the stress and displacement fields in order to perform the elastoplastic analysis of 
reinforced concrete structures. The nonlinear material behaviour of the concrete is described 
through a confinement-sensitive plasticity constitutive model not requiring the often difficult 
calibration of several parameters but it is expressed in terms of only the uniaxial compressive 
strength of the concrete. The presence of steel reinforcement bars is accounted by defining 
additional material layers with a uniaxial von Mises elastoplastic behaviour. These different 
material responses are assembled through the shell thickness by numerical integration. 
Computational efficiency and accuracy are assessed by comparing the proposed shell strategy and 
other shell FE models by performing the step-by-step nonlinear analyses on a numerical test. 
Introduction 
In the solution of many engineering problems the nonlinear behaviour of structure due to the 
inelastic response of materials are often described using elastoplastic models which are capable to 
accurately simulate the behaviour of many kinds of engineering materials, not only metals but also 
stone-like materials and soils, [1]. Moreover, the complexity of the problem to be solved, involving 
highly nonlinear and non smooth elastoplastic constitutive equations, [2], and the need for 
application of complex design rules, for example the application of several loading conditions with 
the check of different limit states, require the adoption of robust and very efficient solution 
algorithms. 

In this work a finite element for the modelling of concrete flat shell embodying steel 
reinforcement bars is proposed. The element formulation is based on assumed stress and 
displacement field interpolations, a kind of formulation certainly enjoying the feature of providing 
high performance models as shown in [3] in the elastic field, in [4] for the analysis of slender 
structures and in [5] for 2D and 3D applications involving standard elastoplastic materials, i.e. von 
Mises-like models. The analysis of shell structures constituted by concrete, a material requiring 
more challenging elastoplastic modelling choices, in presence of steel reinforcement bars, see for 
example [7,8], constitutes a new context still not explored.  

However, the proposed formulation is very general and capable to describe layered shells 
composed by different materials. The kinematic description is based on a first order shear 
deformable shell model whose primary kinematic fields are interpolated on the basis of a four 
nodes plane element, [9], whose mixed formulation contains also the discrete representation of the 
components of generalised stresses of the shell. The control of stress history and of the related 
evolution of plastic strain is however performed at 3D-level thanks to a numerical integration along 
the thickness of the shell. In this way is possible to accommodate a layered description of the 
materials composing the shell where concrete behaviour is modelled through a confinement-
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sensitive plasticity yield surface depending on all the three stress invariants, see [10], and 
expressed in terms of only the uniaxial compressive strength of the concrete. At negligible 
computational costs the presence of steel rebars is computed by defining additional material layers 
contributing through a von Mises one-dimensional material response. It worth to observe how the 
proposed approach can be readily used for the modelling of additional material layers as in the 
case of retrofitting of existing structures. Computational efficiency and accuracy are assessed by 
comparing the proposed shell model with the solution obtained by standard displacement-based 
FEM formulations and the solutions provided by the commercial code Abaqus. 
Layer-wise shell formulation of the MISS-4 finite element 
The MISS-4 shell finite element proposed in [9] is now reformulated in order to describe the 
different layers of materials composing the shell. The MISS-4 element interpolates both stress and 
displacement fields by choosing them in order to achieve high accuracy on very coarse meshes. In 
particular, the assumed interpolation for the components of the generalised stresses are selected in 
order to a-priori satisfy the internal equilibrium equations. As a consequence, the displacement 
field needs to be interpolated only along the element boundary. All other details, the assumed 
interpolations etc., can be found in [9]. 
Shell element response 

 
Figure 1: reinforced concrete shell. 

Figure 1 shows the generic material composition of the shell finite element. In particular, it is 
made of concrete and a certain number of reinforcement layers. Each reinforcement layer, 
identified by the subscript 𝑠𝑠, has orientation α𝑠𝑠 with respect to the element local Cartesian axis 𝒆𝒆1, 
rebar area 𝐴𝐴𝑠𝑠, spacing 𝑖𝑖𝑠𝑠 and depth 𝑧𝑧𝑠𝑠 with respect to the shell mid-surface.  

As shown in Fig. 1, a discrete number of IP is considered located in position 𝒙𝒙𝑔𝑔𝑔𝑔 = �𝒙𝒙𝑔𝑔, 𝑧𝑧𝑔𝑔�, 
where 𝒙𝒙𝑔𝑔is the position of a generic IP over the mid-surface of the element and 𝑧𝑧𝑔𝑔 indicates the 
depth of the generic IP along the thickness direction. 

The vector of the generalised shell stresses at the 𝑔𝑔-th mid-surface IP is evaluated as 
 

𝒕𝒕𝑔𝑔 = 𝒕𝒕�𝒙𝒙𝑔𝑔� = � 𝑬𝑬[𝑧𝑧]𝑇𝑇
ℎ/2

−ℎ/2
𝝈𝝈�𝒙𝒙𝑔𝑔, 𝑧𝑧� 𝑑𝑑𝑧𝑧 =    �𝑬𝑬[𝑧𝑧𝑔𝑔]𝑇𝑇𝝈𝝈𝑔𝑔𝑔𝑔𝑤𝑤𝑔𝑔

𝑛𝑛𝑐𝑐

𝑔𝑔=1

+ � 𝑬𝑬[𝑧𝑧𝑠𝑠]𝑇𝑇𝝈𝝈𝑔𝑔𝑠𝑠
𝐴𝐴𝑠𝑠
𝑖𝑖𝑠𝑠

𝑛𝑛𝑐𝑐+𝑛𝑛𝑠𝑠

𝑠𝑠=𝑛𝑛𝑐𝑐+1

              (1) 

where 𝑛𝑛𝑔𝑔 is the number of concrete IPs along the thickness, 𝑛𝑛𝑠𝑠 is the number of steel layers, 
𝝈𝝈𝑔𝑔𝑔𝑔 are the concrete stresses at the 𝑐𝑐-th integration point along the thickness direction, 𝑤𝑤𝑔𝑔 is the 
corresponding weight and 𝝈𝝈𝑔𝑔𝑠𝑠 are the stresses of the 𝑠𝑠-th reinforcement layer. 

The stresses in both concrete and steel must satisfy the plastic admissibility in each IP, 
expressed by 
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 𝑓𝑓𝑚𝑚�𝝈𝝈𝑔𝑔𝑚𝑚� ≤ 0,  𝑚𝑚 = 1, … ,𝑛𝑛𝑔𝑔 + 𝑛𝑛𝑠𝑠                                                                                                   (2) 

where, with 𝑚𝑚 we identify the generic IP and 𝑓𝑓𝑚𝑚 is the related yield function. The stresses 𝝈𝝈𝑔𝑔𝑔𝑔 
and 𝝈𝝈𝑔𝑔𝑠𝑠 are independently evaluated by solving the IP state determination scheme at level of 
material point 

�
𝐹𝐹𝑚𝑚�𝝈𝝈𝑔𝑔𝑚𝑚 − 𝝈𝝈𝑔𝑔𝑚𝑚

(𝑛𝑛)� + μ𝑔𝑔𝑚𝑚
∂𝑓𝑓𝑚𝑚�𝝈𝝈𝑔𝑔𝑚𝑚�
∂𝝈𝝈𝑔𝑔𝑚𝑚

− Δ𝜺𝜺𝑔𝑔𝑚𝑚 = 𝟎𝟎

μ𝑔𝑔𝑚𝑚𝑓𝑓𝑚𝑚�𝝈𝝈𝑔𝑔𝑚𝑚� = 0 μ𝑔𝑔𝑚𝑚 ≥ 0 𝑓𝑓𝑚𝑚�𝝈𝝈𝑔𝑔𝑚𝑚� ≤ 0
        ∀𝑚𝑚 = 1, … ,𝑛𝑛𝑔𝑔 + 𝑛𝑛𝑠𝑠.                           (3) 

 

where Δ = (⋅)(𝑛𝑛+1) − (⋅)(𝑛𝑛) represents the difference between quantities at step 𝑛𝑛 + 1 and 𝑛𝑛, 
and μ𝑔𝑔𝑚𝑚 are the positive plastic multipliers, Δ𝜺𝜺𝑔𝑔𝑚𝑚 = 𝑬𝑬[𝑧𝑧𝑚𝑚]𝛥𝛥𝝆𝝆𝑔𝑔 represents the strain on the 𝑚𝑚th 
IP, while the assigned Δ𝝆𝝆𝑔𝑔 is constant for each 𝑚𝑚.  The superscript (𝑛𝑛 + 1) is omitted to simplify 
the notation.  

The stress parameters 𝛽𝛽𝑒𝑒 = 𝛽𝛽𝑒𝑒�𝛽𝛽𝑒𝑒
(𝑛𝑛),𝛥𝛥𝒅𝒅𝑒𝑒� for an assigned value of Δ𝒅𝒅𝑒𝑒  are obtained using the 

element state determination algorithm defined by the following additional equations 

�
𝑟𝑟𝑔𝑔         ≡  𝒕𝒕𝑔𝑔  −𝑵𝑵𝑡𝑡𝑔𝑔  𝛽𝛽𝑒𝑒  =  𝟎𝟎,     ∀𝑔𝑔

𝑟𝑟𝑒𝑒 ≡ 𝑸𝑸𝑒𝑒Δ𝒅𝒅𝑔𝑔 −�𝑵𝑵𝑡𝑡𝑔𝑔
𝑇𝑇 Δ𝝆𝝆𝑔𝑔𝑤𝑤𝑔𝑔

𝑔𝑔

= 𝟎𝟎                                                                                          (4) 

where first one imposes that the generalised stresses 𝒕𝒕𝑔𝑔 coming from the solution of the IP state 
determination in Eq. (3) and evaluated using Eq. (1), are the same than those furnished by the 
assumed stress interpolation. The second equation imposes, in a weak form, the 
strain/displacement relation over the element. 
Concrete mechanical response 
The stress response of concrete, 𝝈𝝈𝑔𝑔𝑔𝑔, relative to the generic IP along the thickness is evaluated by 
solving problem (3) on the basis of an elastic isotropic behaviour defined by the Young modulus, 
𝐸𝐸𝑔𝑔, Poisson ratio, ν𝑔𝑔, of concrete and the yield function proposed in [10] and here reformulated 
with respect to the stress invariants 𝐼𝐼1 and 𝐽𝐽2 and the Lode angle 𝜃𝜃 as follows 

𝑓𝑓𝑔𝑔 ≡
3
σ𝑔𝑔
2  𝐽𝐽2 +

𝑚𝑚
√3  σ𝑔𝑔

 �𝐽𝐽2 𝑟𝑟(θ, 𝑒𝑒) +
𝑚𝑚

3  σ𝑔𝑔
 𝐼𝐼1 − 1 .                                                                             (5) 

The exact meaning of the material parameters, 𝑚𝑚 and 𝑒𝑒, is defined in the already cited paper 
[10] where their dependence from σ𝑔𝑔, the compressive strength of concrete, is formulated and 
discussed. In this way an apparently three-parameter hydrostatic-pressure-sensitive loading 
surface, capable to describe parabolic meridians and a variable shape on the deviatoric plane, is 
simply defined on the basis of σ𝑔𝑔 only. 

 
The Newton-Raphson solution of Equation (3) provides the required stress 𝝈𝝈𝑔𝑔𝑔𝑔 but also the 

consistent tangent operator 𝐹𝐹𝑡𝑡𝑔𝑔−1 relative to the concrete IP formulated as 

𝐹𝐹𝑡𝑡𝑔𝑔−1 = Ξ −
Ξ∂ 𝑓𝑓𝑔𝑔∂ 𝝈𝝈 ⊗ Ξ∂ 𝑓𝑓𝑔𝑔∂𝝈𝝈
∂ 𝑓𝑓𝑔𝑔
∂ 𝝈𝝈 ⋅ Ξ

∂ 𝑓𝑓𝑔𝑔
∂ 𝝈𝝈

  ,  Ξ−1 = 𝐹𝐹𝑔𝑔 + μ𝑔𝑔𝑔𝑔  
∂2𝑓𝑓𝑔𝑔
∂𝝈𝝈2

 ,                                                                    (6) 

and ready to be used in the assembly of the global tangent stiffness matrix. 
Steel reinforcement layer mechanical response 
Problem (3) is also solved for the generic steel reinforcement layer whose mono-axial mechanical 
response is now simply defined by the Young modulus 𝐸𝐸𝑠𝑠, the yield stress σ𝑠𝑠 and the vector 
components 𝑐𝑐 = cosα𝑠𝑠 and 𝑠𝑠 = sinα𝑠𝑠 defined by rebar orientation, α𝑠𝑠, with respect to the axes 
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describing the shell mid-surface. In particular, in the elastic phase, the mechanical response is 
defined by 

𝝈𝝈𝑔𝑔𝑠𝑠 = 𝝈𝝈𝑔𝑔𝑠𝑠
(𝑛𝑛) + 𝐹𝐹𝑠𝑠−1 Δ𝜺𝜺𝑔𝑔𝑠𝑠,     𝐹𝐹𝑠𝑠−1 = 𝐸𝐸𝑠𝑠

⎣
⎢
⎢
⎢
⎡ 𝑐𝑐

4 𝑐𝑐2𝑠𝑠2 𝑐𝑐3𝑠𝑠 0 0
𝑐𝑐2𝑠𝑠2 𝑠𝑠4 𝑠𝑠3𝑐𝑐 0 0
𝑐𝑐3𝑠𝑠 𝑠𝑠3𝑐𝑐 𝑐𝑐2𝑠𝑠2 0 0

0 0 0 0 0
0 0 0 0 0⎦

⎥
⎥
⎥
⎤
                                             (7) 

In the plastic phase the mechanical response is given by 
𝝈𝝈𝑔𝑔𝑠𝑠  =   ±𝜎𝜎�𝑠𝑠[𝑐𝑐2, 𝑠𝑠2,−𝑐𝑐𝑠𝑠, 0,0]𝑇𝑇 ,    𝐹𝐹𝑡𝑡𝑠𝑠−1 = 𝟎𝟎5×5 .                                                                                (8) 

Numerical results 
Efficiency and accuracy of the proposed FE strategy have been tested performing some numerical 
tests consisting in the step-by-step nonlinear analysis of structures subjected to a system of loads 
amplified through a multiplier λ used to describe the loading history. The results provided by the 
layer-wise MISS-4 element are compared with those provided by the commercial software 
Abaqus. In particular, all the analyses are also performed by using the Abaqus S4 shell element 
and describing the nonlinear behaviour of concrete through the Concrete Damage Plasticity (CDP) 
model parameterised in order to obtain a perfectly plastic behaviour. 

The response of MISS-4 element is evaluated by using a 2 × 2 IP grid over the finite element 
mid-surface and 12 IPs through the shell thickness. The results compare the obtained equilibrium 
curves, i.e. the plot of the load multiplier λ versus a reference displacement component.  

 
Figure 2: Square plate: geometry, boundary conditions and a 4x4 mesh (all the measures are 

given in [mm]). 

The test regards the reinforced concrete square plate of length 𝐿𝐿 = 4 [m] and thickness 𝑠𝑠 = 0.2 
[m] represented in Fig. 2. Two different schemes of reinforcement are considered. 

 
Figure 3: Simply supported reinforced concrete square plate 
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The concrete parameters are: σ𝑔𝑔 = 30 [MPa], the compressive strength;  σ𝑡𝑡 = 0.1 σ𝑔𝑔 [MPa], 
the tensile strength; σ𝑏𝑏 = 1.14 σ𝑔𝑔, the biaxial compressive strength; 𝐸𝐸𝑔𝑔 = 2200 (σ𝑔𝑔/10)0.3 and 
ν𝑔𝑔 = 0.2, the Young modulus and the Poisson ratio, respectively. The parameters of steel 
reinforcement bars are σ𝑠𝑠 = 450 [MPa] and 𝐸𝐸𝑠𝑠 = 2.1 × 105 [MPa].   

According to the symmetry of the problem, only a quarter of the plate is analysed, see Fig 2. 
Two boundary conditions are taken into consideration, namely simply supported condition and 
clamped condition. The plate is subjected to a uniformly distributed out-of-plane uniform pressure 
of amplitude 𝑞𝑞 = λ 𝑀𝑀𝑝𝑝/𝐿𝐿2, where λ is the load multiplier and 𝑀𝑀𝑝𝑝 is the plastic bending moment 
considering a mono-axial yield condition only for the concrete subjected to compressive state and 
steel rebars subjected to tensile state. 

Table 1: Square plate: normalised load multiplier 

B.C. Reinf. 
layout 2 × 2 4 × 4 8 × 8 16 × 16 S4-CDP 

Simply 
supported 

rl1 23.2644 23.4824 23.5056 23.5282 23.051 
rl2 22.8898 23.1895 23.2061 23.2100 22.676 

clamped rl1 45.6447 44.3623 42.8930 41.7100 43.401 
rl2 45.4340 43.8796 43.3289 41.0107 43.107 

 
Table 1 reports the load multipliers obtained for a maximum value of the displacement at the 

centre of plate equal to 100 [mm]. The solutions obtained by several meshes of MISS-4 elements 
are compared to the result provided by Abaqus with a very fine mesh of S4 elements. The same 
analyses are compared in Figs. 3 and 4 where the equilibrium curves are reported. The results show 
a good agreement between the proposed formulation and Abaqus code, even in the case of the 
coarsest mesh. 

 
Figure 4: Clamped reinforced square plate 

Concluding remarks 
A mixed 4-nodes finite element has been formulated for the analysis of reinforced concrete shells. 
The element is based on the assumed interpolation of both displacement and stress fields, the latter 
is chosen in order to a-priori satisfy the equilibrium. The material mechanical response of the 
concrete is numerically integrated along the shell's thickness assuming a plasticity yield surface 
depending on all the three stress invariants which allows the description of the confinement-
sensitive behaviour. The steel reinforcement bars are modelled as additional layers, embedded in 
the shell thickness, with von Mises mechanical response. The accuracy and efficiency of the 
proposed formulation are confirmed by the numerical test performed. 
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