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Abstract. In recent years, the increasingly growing overcrowding of urban environments and the 
resulting road traffic congestion have pushed toward the search for alternative mobility solutions, 
among which there are novel Urban Air Mobility (UAM) technologies. The UAM, together with 
the development of electric actuation systems, would allow decongesting the streets by exploiting 
the sky using electric Vertical Take-Off and Landing (eVTOL) aircrafts. Urban air mobility 
vehicles are primarily based on fully electrical flight control systems with rotary output. Since 
such technology is relatively new and unproven, Prognostic and Health Management (PHM) 
algorithms, able to continuously monitor the health status of such systems, are of particular 
interest. The diffusion of these systems strongly depends on the general confidence of possible 
customers. The present paper proposes a preliminary study on the effects of the kinematic error of 
a Strain Wave Gear (SWG), the most used reducer for this kind of applications, on the behaviour 
of an Electro-Mechanical Actuator (EMA) used as a flight control actuator for an eVTOL aircraft. 
The simulation results show how the unavoidable kinematic error affects the EMA performances 
and how its presence can be detected and quantified in strain wave gears. 
Introduction 
Overcrowded cities and road traffic congestion, together with their problems related to 
environmental and noise pollution, have pushed the search for alternative mobility solutions. A 
possible solution to this problem is the Urban Air Mobility. This term refers to the use of urban 
airspace for intracity passenger transportation, package delivery, healthcare applications, and 
emergency services. Since environmental pollution in cities is one of the main issues of our time, 
UAM converged to all-electric aircrafts with compact Electro-Mechanical Actuators (cEMAs) 
with rotary output for both lift devices and flight controls. 

Fatal accidents and low reliability were the main obstacles to previous UAM development. For 
this reason, and for the fact that this technology is still relatively new, the application of Prognostic 
and Health Management  logics to this system may be a valuable and efficient solution [1]. 
Nevertheless, the design of novel PHM routines requires a significant amount of data 
representative of both nominal and off-nominal health conditions. This information can come from 
historical series, laboratory tests, or simulation campaigns. Although the first two options are 
usually preferable, they are often not feasible for newly developed systems and require a 
significant amount of time and monetary investment. Within this framework, researchers often 
rely on High-Fidelity (HF) models to generate datasets required to train PHM algorithms. In 
traditional EMAs, a lot of work has been done with this aim for what concerns electrical [2] and 
mechanical components [3,4] as well as flight control connections [5]. 

One of the possible actuation and control systems for UAM applications consists of a fault-
tolerant brushless DC motor, a Strain Wave Gear, control and power electronics, and sensors. 
Despite traditional flight commands, the actuator presents a rotative output and not a linear one 
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[3]. In this kind of application, the use of SWGs is mainly justified by the need for a high 
transmission ratio (τ) within a small volume. This solution also presents several advantages over 
traditional gearboxes like very low backlash, good precision, and excellent repeatability. For these 
reasons, it is commonly used in robotics [6] and aerospace [7] in which compactness and high 
precision are fundamental. As highlighted in [8], strain wave gears are subjected to peculiar fault 
and failure modes that must be taken into account for a proper design and implementation of such 
technology. 

Through a first-approximation multibody model [9], the present paper describes a preliminary 
representation of the dynamics of a strain wave gear in an EMA for eVTOL flight control systems. 
With the aim of providing the basis for the definition of future PHM algorithms, the kinematic 
error, modelled according to a physics-based approach [10], has also been considered in the 
simulation environment to study its influence on the performance of a flight control actuator. 
Dynamic Model of an EMA for eVTOL Aircraft 
Even though eVTOL aircrafts are based on a specific design [11], they are very similar in almost 
all their configurations from an actuation point of view. In this paper, the actuator analyzed is the 
one that allows obtaining a vectoring of the thrust device to change from take-off to cruise 
configuration. The specific aim of the present model is to study the effect of the kinematic error of 
the strain wave gear. For this reason, all the components of the EMA, except the gearbox, are 
represented using simplified models. The three main elements of the model are the Electric Motor 
(EM) and its control logic, the strain wave gear, and the sensors. As in the real system, the only 
input to the model is the position set value required by the flight control computer. All the other 
quantities (i.e., motor voltage and current, angular velocity, and torque) are internally calculated 
according to the classic EMA scheme [12]. 

Electric Motor. To build a high-fidelity model of a mechanical system, all its components must 
be properly modelled. However, since this would lead to high simulation times, simplifications 
have been adopted. Within this framework, in the present research, a model of a DC brushless 
motor has been implemented. 

Strain Wave Gear. To describe the kinematic and the dynamic behaviour of the SWG, an 
equivalent model is exploited. This model is a good compromise between the need for high-fidelity 
representation and limited simulation time. The proposed model is based on the work done in [9], 
in which, the interactions among the three main components of the SWG were analysed. 

This approach allows describing the cyclic deformation of the flexspline caused by the motion 
of the Wave Generator (WG) and the interaction during the meshing between the flexspline (FS) 
and circular spline (CS) teeth. The operating mode of a SWG can be dual, depending on which 
element, between the FS and the CS, is locked. In the present paper, the FS is fixed, while the CS 
is connected to the output shaft. 

Differently from [9], the mechanical transmission between the electric motor shaft and the WG 
and between the CS and the position transducer have been considered. In so doing, it is possible 
to obtain a three degree-of-freedom model distinguishing the three inertias, one for each main 
component of the SWG. 

In Figure 1.a a schematic representation of the equivalent model is reported. The physical and 
geometric parameters associated with it are the primitive equivalent radius (rg), the wave generator 
angular position (θWG), the circular spline angular position (θCS), the teeth pressure angle (αt), 
the elliptical cam equivalent angle (αn = arctan � 1

τ∗tan(αt)
�), the stiffness (Kb) and the viscous 

damping coefficient (cb) of the elliptical bearing, the flexspline torsional stiffness (Kt), the 
meshing stiffness between FS and CS (Km) and the pure kinematic error between input and output 
of the strain wave gear (θe). The displacements of the components that occur during the 
transmission are the radial displacement of the bearing outer race (x1), the radial displacement of 
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the FS during elliptical deformation (x2), the tangential displacement of the FS free edge caused 
by torsional deformation (y1) and the tangential displacement of the CS (y2). 

By analyzing the free-body diagrams of the single components, it is possible to obtain the 
equations (Eq. 1) describing the dynamics of the system. 

 

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧ TWG = KWG(θin − θWG) + cWG�θ̇in − θ̇WG� = TFS→WG + JWGθ̈WG

Fb = Kb�eWG,mis + x1 − x2� + cb(ėWG,mis + ẋ1 − ẋ2)

Fb −
JFSẍ2

rg2
= Fm sin(αt)

Kty1
rg2

+
ctẏ1
rg2

= −
JFSÿ1

rg2
+ Fm cos(αt)

Fm = Km(x2 sin(αt) − (y1 + y2) cos(αt)) + cm(ẋ2 − (ẏ1 + ẏ2) cos(αt))
TFS→CS − JCSθ̈CS = KCS(θCS − θout) + cCS�θ̇CS − θ̇out� = TCS

TFS→WG = Fbrg sin(αn) cos(αn)
TFS→CS = Fmrg cos(αt)

 (1) 

 
The equations were implemented in a Simulink model to obtain a description of the SWG 

dynamics. 
Kinematic error. The kinematic error is always present in SWGs, due to the FS flexibility, 

tolerances, and tooth machining errors. It is defined as: 
 

θ� =
θin
τ
− θout = (θCS + θe + Δθ) − θout = θe + Δθ (2) 

 
The term Δθ of the Eq. 2 is related to the torsional compliance, while θe is called pure kinematic 

error [13] and it depends on the kinematic structure of the SWG. The parameter eWG,mis =
θe,misrg ≅ θerg is the kinematic error caused by misalignment expressed as a radial displacement. 

The pure kinematic error contributions can be classified into a constant component, related to 
clearance, and a variable one, related to misalignment and tooth machining error [10]. In [9,14,15], 
the presence of the kinematic error is modelled by means of finite Fourier series based on 
experimental data. On the contrary, the present study aims to describe such a phenomenon from 
its root causes such as a misalignment of the wave generator due to assembly and machining 
imperfections. 

The modelling of the presence of misalignment among the three main components of the SWG 
is obtained by means of a roto-translation matrix depending on the wave generator angular 
position. In this way, it is possible to define a planar equivalent WG profile, depicted in Figure 
1.b, changing, at each instant, with the input shaft position. 

The input parameters of the kinematic error model are the eccentricity (e1 and e2) and the 
angular deviations (β� = [β1β2β3] and α� = [α1α2α3]) shown in Figure 2. 
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(a) (b) 
Figure 1  (a) Diagram of the SWG dynamic equivalent model. (b) Schematic representation of a 

misaligned strain wave gear. 
The two eccentricity values are measured, respectively, between the CS center (OCS) and the 

nominal center of the reference frame (O), and between the nominal center (O) and the WG center 
(OWG). The angular deviations are the angles between eccentricities (e1and e2) and x-axes (β1 and 
α1), between CS Z-axis and nominal Z-axis, nominal Z-axis and WG Z-axis on XOZ-plane (β2 
and α2) and between CS Z-axis and nominal Z-axis, nominal Z-axis and WG Z-axis on YOZ-plane 
(β3 and α3). By knowing these parameters, it is possible to define two rotation matrices linking 
the nominal position of the WG to its angular position in presence of misalignment. 

The obtained 3D profile of the wave generator is intersected with the plane perpendicular to the 
input shaft obtaining its equivalent planar profile. This is compared to the nominal one to get the 
radial displacement and, as a direct consequence, the kinematic error associated with it. In Figure 
3.a, a comparison of the pure kinematic error between experimental [13] and proposed model 
simulated data is reported. 

For more accurate results, proper modelling of the other kinematic error sources, such as 
clearance and tooth machining error, is necessary. 

Friction. Due to the presence of friction, a passive torque, modeled by an approximation of the 
Stribeck curve as in [12], must be subtracted to TCS, the output torque of the circular spline, to 
obtain the actual torque (T) at the output shaft of the reducer [16]. 

Sensors. Before being used to close the relative control loops, the signals of the flap surface 
angular position, the motor angular velocity and current pass-through blocks simulating the 
presence of three sensors. Zero-order transfer functions have been adopted to simulate the current 
sensors, while first and second-order ones have been implemented for the speed and the position 
sensors. In addition, to replicate a real device, noise has been added. 

 

 
Figure 2 Eccentricity and angular deviations. 
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(a)  
Figure 3 Analysis of the kinematic error model: (a) comparison of the pure kinematic error 
between experimental and simulated data and (b) angular deviation misalignment kinematic 

error. 
Simulations Results 
To study the effect of the presence of the kinematic error caused by misalignment, different 
simulations, performed by changing the input parameters (eccentricity, e1 and e2, and angular 
deviations, β� and α�), were run. 

The angular position set is a ramp with a slope such that the maximum stroke of the actuator is 
reached in 5 s. In so doing, the speed of the actuator is constant, and the torque oscillations are 
primarily linked to the control logic. The simulations are performed by analyzing the effects of 
angular deviations (β� and α�). Because the position control loop operates to minimize the relative 
error the effect of the kinematic error on the flap surface angular position is negligible. 
Nevertheless, an effect could be observed in torques, and consequentially, in current signal, as 
reported in Figure 3.b in which the presence of the kinematic error caused a noisy signal with 
several oscillations. In Figure 3.b, are reported the differences between the nominal torque and the 
one in the presence only of angular deviations. As predictable, the effect of the kinematic error 
increases together with the misalignment level. A similar effect can be found in presence of 
misalignments. 
Conclusions 
In the present paper, a preliminary study on the effects of a strain wave gear pure kinematic error 
in an electro-mechanical actuator for UAM applications was proposed. For this purpose, a 
mathematical model of the SWG and relative misalignment was developed to study and quantify 
the effects on the main signals of the EMA. 

In the analyzed case study, the results of the simulation made it possible to investigate one of 
the causes of vibrations between the components of a SWG. The presence of this error causes the 
appearance of oscillating torques which are instantaneously significantly greater than the nominal 
ones. 

In the future, the proposed model will be validated with experimental results and integrated 
with more accurate ones of the other components of the EMA to study the effects of different 
phenomena and to obtain datasets suitable for PHM purposes. 
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