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Abstract. The brain tissue is a very complex biological material exhibiting viscoelastic-type 
properties at the macroscopic level, arising from a hierarchical multiscale structure. Thus, to 
describe such interesting features at the molecular level, we introduce a model mimicking the 
coupling of microtubules and tau proteins inside the neuronal axon and we study the rate-
dependent response under different conditions of applied load, rate, and temperature.   
Introduction 
One of the most complex biological systems is the brain tissue, which is made of billions of 
neurons, the fundamental component of nervous tissue, responsible for transmitting 
electrochemical signals. It has been addressed that mechanical fields have crucial importance for 
the correct functioning of these cells [1]. Specifically, it has been found that external forces, 
impacts or traumatic accidents acting on the brain can generate damage causing severe 
consequences at the level of the axons, also years after the event, a class of pathologies known as 
Traumatic Brain Injury (TBI) [2]. This phenomenon has first been observed in U.S.A. boxers 
because a great percentage of them suffered Alzheimer’s or Parkinson’s diseases even years after 
their retirement [3]. In these patients, there is evidence that the damage acting on the brain can 
cause scattered lesions at the level of the axons, a pathology known as Diffuse Axonal Injury (DAI) 
[4]. These lesions are responsible for the axonal failure, a phenomenon that can happen abruptly 
(primary axotomy) or with a progressive degradation of the internal components of the axons 
(secondary axotomy) [5], finally resulting in the malfunction of the whole tissue. As a matter of 
fact, these multiscale features are due to the damage mechanisms and to the structure of the 
complex energy landscape at the microscale. As a consequence, the comprehension of these 
phenomena requires to understand the behaviour of the material at this length scale. 

In this paper, we study the effect of forces and loading rates at the level of the axons, considering 
two main components of the axonal cytoskeleton i.e., the microtubules (MT) and the tau proteins 
[6]. MTs are arranged in bundles and are kept together by the crosslinking tau proteins. They do 
not cover the whole length of the axon and their length may vary in the range from 2 to 100 μm. 
There can be found almost 20 MTs per section radially spaced at about 23 – 38 nm, with a Young 
Modulus of about 1.9 GPa [7]. On the other hand, the main function of the tau proteins is to 
stabilize the microtubules and maintain the correct arrangement along the axonal length [8]. It is 
important to stress that another clinical evidence is that agglomerates of tau proteins are found 
inside the brain’s white matter of patients affected by neurodegenerative diseases. This observation 
suggests the possibility that damages caused by mechanical fields may break these proteins 
depending mainly on the force and the loading rate. Indeed, three main regimes can be identified. 
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When the strain and the strain rate are low, the microtubules may slide through each other, and the 
tau proteins can detach and reattach in other vacant sites on the same MT or on adjacent ones. If 
the strain increases, the crosslink tau proteins start to break and are no longer able to reattach. 
When also the strain rate is large, there exists the possibility that the MTs break, causing 
malfunction and irreversible damage [9,10]. From a theoretical point of view, the challenge of 
describing such small systems considering both mechanical and thermal fields at varying rates is 
widely tackled using discrete or continuous models and numerical methods such as Molecular 
Dynamic (MD) simulations [11]. To mention some examples, it is possible to approach the direct 
modelling of the inertial dynamics [12,13] or to describe the evolution of the system using kinetic 
theories [14,15]. On the other hand, the possibility of investigating the microscopic 
characterization of the complex energy landscape of such systems obtaining analytical results is 
still to be thoroughly investigated, possibly considering phenomena such as hysteresis, damage, 
and residual stresses. In this spirit, we refer to recent papers where the study of different biological 
problems has been approached by analytical methods, such as the unfolding and misfolding of 
proteins materials [16-18], the effect of nucleation and propagation stresses in memory shape 
materials taking into account also thermal fields [19,20], focal adhesion [21,22], spider silks and 
new bio-inspired materials [23] or the mechanics of double-stranded polypeptide chains [24].  

Specifically, following [24], we propose a micromechanical-based model describing the 
response of the microtubules and tau proteins to different loading rates (including temperature 
effects) when a shear force is applied to the system, as shown in Fig. 1. The analysis of rate effects 
can be performed by using different approaches such as the Fokker-Planck formulation [25], 
numerical FEM simulation [26] or Langevin dynamics [27]. To highlight the role of energy 
barriers, we will tackle the problem by adopting a Bell-type theory [28] based on Kramer’s rate 
equation [29,30], as widely developed in recent works [24,31]. In particular, based on the 
possibility of evaluating the energy barriers separating the metastable states, we obtain the rate-
dependent response of a system composed of two MTs linked by tau proteins and study the 
mechanical response of such a system under shear forces for different loading rates and 
temperatures.  

  
Fig. 1: Panel a): Mechanical model of the system describing microtubules and tau 

proteins. The energies used for the two microscopic elements are displayed in 
panel b) for the tau protein and in panel c) for the microtubule.  
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Mathematical framework  
Following the theoretical model developed in [24], we consider a bundle of two elastic chains 
representing the microtubules connected by 𝑛𝑛 breakable units spaced by a length ℓ, describing the 
tau proteins. The total length of the system is 𝐿𝐿 = 𝑛𝑛ℓ. The upper and the lower chains are described 
by elastic springs, as shown in Fig. 1c). On the other hand, the behaviour of each breakable unit is 
described by introducing a discrete variable 𝜒𝜒𝑖𝑖 (a “spin” variable) such that the condition 𝜒𝜒𝑖𝑖 = 1 
(𝜒𝜒𝑖𝑖 = 0) corresponds to an attached (detached) configuration. Thus, the quantity 𝑝𝑝 = ∑ 𝜒𝜒𝑖𝑖𝑛𝑛

𝑖𝑖=1  
represents the number of attached proteins (see Fig. 1b). By considering the rescaled end-points 
displacement 𝛿𝛿 = 𝑢𝑢𝑛𝑛𝑢𝑢

Δ
= −𝑢𝑢1𝑙𝑙

Δ
 (Δ representing the breaking threshold displacement of the tau 

proteins, see Fig. 1b) and introducing the total stiffness of the system 𝜅𝜅𝑡𝑡, the free energy and the 
force-displacement relation at the equilibrium read (see Ref. [24] for a detailed calculation)  

𝑔𝑔𝑒𝑒𝑒𝑒(𝑓𝑓) = −𝑓𝑓2

𝜅𝜅𝑡𝑡
+ 𝜇𝜇2 �1 − 𝑝𝑝

𝑛𝑛
� ,               𝛿𝛿(𝑓𝑓) = 𝑓𝑓

𝜅𝜅𝑡𝑡
,   (1) 

where 

𝜅𝜅𝑡𝑡 = 4𝑛𝑛
2𝑛𝑛−𝑝𝑝−1+4𝛾𝛾(𝑝𝑝) ,   𝛾𝛾(𝑝𝑝) = sinh(𝜆𝜆)+sinh(𝑝𝑝𝜆𝜆)

2sinh[(𝑝𝑝+1)𝜆𝜆]−sinh(𝜆𝜆)−sinh(𝑝𝑝𝜆𝜆) ,   𝜆𝜆 = cosh−1 �1 + 2𝜇𝜇2

𝑛𝑛2
�. (2) 

In the previous formula, we introduced the main non-dimensional parameter of the system 

𝜇𝜇2 = 𝜅𝜅𝜏𝜏
2𝜅𝜅𝑀𝑀𝑀𝑀

𝐿𝐿2

Δ2
,     (3) 

where 𝜅𝜅𝜏𝜏 and 𝜅𝜅𝑀𝑀𝑀𝑀 are the stiffnesses of the tau proteins and the of MTs, respectively,  
Energy Barriers 
In our approach, the loading rate affects the probability of jumping from a metastable equilibrium 
solution to another, and it depends on the height of the energy barriers. The ability of overcoming 
these barriers depends, among other effects, on the mechanical and thermal fields. This approach 
allows the possibility of exploring different locally stable solutions with partially detached 
elements. To evaluate 𝑔𝑔𝑏𝑏(𝑓𝑓), i.e. the height of the barrier for a certain value of the applied shear 
force 𝑓𝑓, we initially consider the elements of the system in equilibrium and we study the effect of 
changing the position of the last attached element 𝑝𝑝 from its equilibrium value to the breaking 
threshold, by imposing a force 𝜏𝜏 (see Fig. 1a). The resulting mechanical quantities obtained by 
studying this variational problem represent the equilibrium conditions of the system when the 
energy is maximized (the analogous of a saddle point when smooth non-convex energies are 
considered [31,32]). Thus, we can evaluate the height of the barriers as 

𝑔𝑔𝑏𝑏(𝑓𝑓) = 𝑔𝑔𝜏𝜏(𝑓𝑓) − 𝑔𝑔𝑒𝑒𝑒𝑒(𝑓𝑓),     (4) 
where 𝑔𝑔𝜏𝜏(𝑓𝑓) is the maximized energy and 𝑔𝑔𝑒𝑒𝑒𝑒(𝑓𝑓) is given in Eq.(1) (see Ref. [31] for detailed 
analysis and calculation).  

Rate effects  
Following [29,32], we consider the time-dependent force 𝑓𝑓(𝑡𝑡). The loading rate reads  

𝜐𝜐(𝑡𝑡) = 𝜐𝜐0𝑒𝑒−𝛽𝛽𝑔𝑔𝑏𝑏�𝑓𝑓(𝑡𝑡)�,     (5) 
where the energy barrier is given by Eq. (4), 𝜐𝜐0 is a constitutive parameter and 𝛽𝛽 = 1/(𝐾𝐾𝐵𝐵𝑇𝑇), with 
𝑇𝑇 the absolute temperature and 𝐾𝐾𝐵𝐵 the Boltzmann constant. Following [32], we define the 
probability 𝑃𝑃𝑝𝑝(𝑡𝑡) that the system exhibits 𝑝𝑝 attached units a time 𝑡𝑡. The evolution equation for this 
probability is a first-order differential equation of the form  

𝑑𝑑 𝑃𝑃𝑝𝑝(𝑡𝑡)
𝑑𝑑 𝑡𝑡

= −𝜐𝜐𝑝𝑝→𝑝𝑝−1(𝑡𝑡)𝑃𝑃𝑝𝑝(𝑡𝑡) + 𝜐𝜐𝑝𝑝+1→𝑝𝑝(𝑡𝑡)𝑃𝑃𝑝𝑝+1(𝑡𝑡).   (6) 
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By Eq. (6) we can obtain the value of 𝑃𝑃𝑝𝑝(𝑡𝑡) at time 𝑡𝑡. In particular, it depends on the process 
where the configuration of the system can pass from the state with 𝑝𝑝 attached elements to that with 
𝑝𝑝 − 1 (with rate 𝜐𝜐𝑝𝑝→𝑝𝑝−1(𝑡𝑡)) and the process where the system goes from a configuration with 𝑝𝑝 +
1 attached elements to 𝑝𝑝 (with rate 𝜐𝜐𝑝𝑝+1→𝑝𝑝(𝑡𝑡)). Two configurations must be considered separately 
i.e., 𝜐𝜐𝑛𝑛+1→𝑛𝑛(𝑡𝑡) = 0 and 𝜐𝜐0→−1(𝑡𝑡) = 0. Starting the analysis at time 𝑡𝑡 = 0, the probability of being 
in the fully attached configuration (𝑝𝑝 = 𝑛𝑛) is 𝑃𝑃𝑛𝑛(𝑡𝑡) = 1. Following the action of the applied force, 
the tau proteins start to detach and the probability of finding the system in the initial state decreases 
while the probability of being in the configuration with 𝑝𝑝 = 𝑛𝑛 − 1 increases. This process goes on 
until the system completely breaks (corresponding to the configuration with 𝑝𝑝 = 0).  
Eventually, the total displacement is  

〈𝛿𝛿(𝑡𝑡)〉 = ∑ 𝑃𝑃𝑝𝑝(𝑡𝑡)𝛿𝛿(𝑝𝑝)𝑛𝑛
𝑝𝑝=0 ,     (7) 

with 𝛿𝛿(𝑝𝑝, 𝑡𝑡) given by Eq. (1).  

Results and discussion 
To approach the problem of the rate-dependent response of the microtubule bundles into the 
neuronal axon, we introduced a microscale-based model describing two MTs connected by 
crosslinking tau proteins. In Fig. 2a we show the effect of the loading rate 𝜐𝜐𝑓𝑓 (with the applied 
shear force being 𝑓𝑓 = 𝜐𝜐𝑓𝑓𝑡𝑡). It is possible to observe that as the rate grows the force breaking 
thresholds increase and the system is not able to explore metastable configuration, being confined 
in the solution 𝑝𝑝 = 𝑛𝑛. On the other hand, for low rates, solutions with partially detached elements 
are found before rupture, which occurs at smaller values of the force. Thus, at increasing rates, a 
“Maxwell” behaviour is preferred, with the overall collapse of the system attained without 
exploring other solutions whereas for decreasing rates the sequential detachment of the tau proteins 
is observed, as described in many papers [10,33,34]. In Fig. 2b we show the effect of changing 
temperatures, affecting the possibility of overcoming the energy barriers. As the temperature 
increases, the system exhibits a ductile type of fracture attained at low forces and explores different 
metastable solutions. Conversely, when the zero-temperature limit is approached, i.e. 𝛽𝛽 → ∞, the 
system is ‘frozen’ in the configuration with all the elements attached, following the “Maxwell” 
path. 

Eventually, we obtained the mechanical response of a simple bundle composed of two MTs and 
crosslinking tau proteins and we observed the effect of the loading rate and the temperature. 
Through our model, we obtained results previously described in the literature, where other methods 
such as numerical FEM simulations, Molecular Dynamics or continuum models have been used 
to approach the analysis of similar systems [8-11,33,34]. 

Fig. 2: Panel a) Effect of the loading rate. Panel b) Effect of the temperature.   
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