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Abstract. In order to predict the lifetime of welded structures, it is important to evaluate three-
dimensional residual stresses nondestructively. However, X-ray diffraction is useful for measuring 
residual stresses only on the surface. Neutron diffraction is known to be an effective nondestructive 
method for measuring residual stresses till a depth of several tens of millimeters. Nevertheless, it is 
not a technique useful for on-site measurements. This is because neutron diffraction is achievable 
only within special irradiation facilities. In this paper, the authors have proposed a non-destructive 
method to estimate three-dimensional residual stresses by using X-ray measurements. In this method, 
the residual stresses for an entire structure are calculated from eigenstrains by using an elastic FEM 
(Finite Element Method) analysis. Eigenstrains can be estimated from elastic strains measured 
through X-ray diffraction using inverse analysis. The relationship between the three-dimensional 
eigenstrains and the surface elastic strains can be obtained if the Young’s modulus, Poisson’s ratio, 
and dimensions of the structure are known. This study aims to demonstrate the effectiveness of the 
proposed method on an actual butt-welded plate made of stainless steel SUS430. To evaluate the 
accuracy of this method, the residual stresses estimated using the method was compared with that 
measured using X-ray diffraction. In order to maximize the estimation accuracy of this inverse 
analysis, we considered the eigenstrain distributions along both the welding and thickness directions, 
as well elastic strains measured on the weld metal were used to estimate. 

Introduction 
It is important to predict crack propagation for observed cracks to prevent fatigue fractures and stress 
corrosion cracking (SCC) in welded structures. However, it is difficult to estimate crack growth rate 
without information on welding residual stresses. Three-dimensional welding residual stresses can be 
simulated qualitatively by using thermal elastic-plastic FEM analysis [1,2]. Nevertheless, it is 
recommended that each welded structure be quantitatively measured because individual differences 
in welding residual stress between them can be high. Currently, diffraction methods, including X-ray 
diffraction and neutron diffraction [3,4], are used as nondestructive measurement methods. However, 
it is impossible to measure three-dimensional stress distribution on-site by using these methods. X-
ray diffraction is useful to measure only surface residual stresses. Higher energy diffraction methods, 
including synchrotron and neutron diffractions, are available only within special irradiation facilities. 
Therefore, the targeted welded parts have to be destructively cut from an actual welded structure for 
measuring stress distribution. The cutting process releases some of the residual stresses, which 
affects the accuracy of the entire measurement process. 

As an alternative, the Bead Flush method, which is based on the eigenstrain methodology [5], has 
been proposed [6]. In this method, three-dimensional residual stresses are calculated by conducting 
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elastic FEM analysis on eigenstrains, which in turn are estimated through inverse analysis [7] on 
released strains measured using strain gauges during the removal of the weld reinforcement. 
Eigenstrains are defined as a sum of inelastic strains [5], but they are different from the sum of 
physical inelastic strains such as plastic, thermal, and transformation strains [8]. Here, the 
smoothening of excess weld metal can be regarded as a non-destructive process essentially because it 
can be eliminate a toe of weld that has the potential to become a crack starter. However, processing 
strains that arise on the machined surface owing to this method can worsen the accuracy of strain 
gauges that measure released strains. 

In order to overcome the disadvantages of the Bead Flush method, the first author has proposed 
the use of X-ray diffraction instead of strain gauges to estimate both the welding eigenstrains and 
processing strains [9]. The effectiveness of this method has been proved via numerical simulation. 
Besides, experimental demonstrations of this method have been conducted on an actual butt-welded 
plate made of 2Cr-1Mo ferritic steel [10]. However, the accuracy of estimating residual stresses 
along the perpendicular to the welding direction is not sufficient. Numerical simulation has 
confirmed the higher accuracy of this method when residual strains on machined surface measured 
by X-ray diffraction are used for estimation [11]. 

In the present study, the authors have estimated residual stresses of welded plates made of 
SUS430 by using this method on elastic strains measured over the weld metal [12]. For this 
estimation, it is assumed that welding eigenstrains are constant along the thickness direction even 
though the butt-welded joint has single U-groove before welding. The eigenstrain distribution along 
the welding direction is also neglected during inverse analysis. The residual stresses of welded joints 
made of SUS430 are estimated using this method after considering eigenstrain distributions along 
both the welding and thickness directions. Parameters to express eigenstrain distributions are 
determined following the Response Surface methodology. To evaluate the estimation accuracy, the 
residual stresses estimated using this method are compared with those measured by X-ray diffraction. 

Analytical Procedure 
The elastic strains {εe} of the concerned elements and the welding eigenstrains {ε*} for the entire 
structure can be related through an intermediary - an elastic response matrix [Re] as: 

{εe} = [Re] {ε*}                                                                             (1) 

The i-th column of the response matrix can be determined by imposing a unit eigenstrain on the i-th 
component of {εe

*} during elastic FEM analysis. Based on Eq. (1), the surface elastic strains before 
and after the removal of the weld reinforcement - {εeb} and {εea} respectively - can be expressed, as 
follows: 

{εeb} = [Rb] {ε*}                 (2) 

{εea} = [Ra] {ε*} + [Ra] {εpa
*}                                                                  (3) 

where [Rb] and [Ra] respectively denote the response matrix before and after the removal. {εpa
*} is 

the processing strain that remains after the smoothening. By jointing Eq. (2) and Eq. (3), we obtain 
the following equations [18]: 

{εeb εea }T = [R] {ε* εpa
*}T                               (4) 

[R] =                                             (5) 

Actual nondestructive measurements of elastic strains contain observational errors {εerr}, as given 
below: 
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{εebm εeam }T = [R] {ε* εpa
*}T + {εerr}                                       (6) 

where {εebm} and {εeam} are both elastic strains measured using nondestructive methods. The 
estimated values of welding eigenstrains {εest

*} and processing strains {εpa_est
*} can be obtained from 

elastic strains measured by X-ray diffraction, through inverse analysis, as shown below: 

{εest
* εpa_est

*}T  = [R]+ {εebm εeam }T.                                         (7) 

where [R]+ is the Moore and Penrose generalized inverse matrix [7] of [R], which is given by: 

[R]+ = [R]T [R] ([R]T [R] [R]T [R] )－[R]T.                                                       (8) 

Target Joint and Measurements by X-ray Diffraction 
The dimensions of the target plate (Fig. 1) were 80×100×10 mm3. The widths of the weld bead on the 
top and bottom surfaces were 16 mm and 8 mm, respectively. The welding conditions are listed in 
Table 1. Ferritic weld wires were used to join stainless steel SUS430 to enable easier measurements 
over the weld metal by using X-ray diffraction. It took nine weld passes to fill single U-groove. 
Except during the first weld pass, the heat source was oscillated to avoid poor penetration along the 
boundaries between the base and weld metals. The excess metal on the top surface was removed 
using a flat-surface grinding machine. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Elastic strains along the welding direction and the perpendicular to the welding direction on the 

top surface were measured using X-ray diffraction to estimate welding eigenstrains. Fig. 2 shows the 
measurement points before and after the removal of weld reinforcement. Measurement conditions of 
X-ray diffraction were typical, as shown in Table 2. This X-ray diffraction is based on the sin2ψ 
method. Irradiation area of X-ray diffraction was set at 2×2 mm2, as normal range. Note that x, y, and 
z are the welding direction, the perpendicular to the welding direction from the center of the weld, 
and the thickness direction, respectively, as shown in Fig. 1. 

Stabilizing Solution in Inverse Analysis 
FEM Model. An FEM model used in this estimation is shown in Fig. 3. This model is symmetric 

about the weld line.  The numbers of nodes and elements before the removal of the excess metal are 
1397 and 1020, respectively. The Young’s modulus and Poisson’s ratio were set at 200 GPa and 0.3, 
respectively. For FEM analysis, the commercial software ANSYS (Cybernet Systems Company, 
Limited, Japan), was used. 

Stabilizing Solutions. Solutions obtained from this inverse analysis are relatively sensitive 
because the three-dimensional eigenstrain distributions are being estimated from measurements of 

Fig. 1  Butt-welded 
 

Table 1  Welding conditions.  
Welding method TIG 

Welding current 200 A 

Welding voltage 10 V 

Welding speed 10 cm/min 

Welding electrodes YT-160 
Diameter of electrodes 2.4 mm 

Shield gas Ar 

Preheating No 

Inter-pass temperature Under 150℃ 

Welding oscillation Yes 
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two-dimensional surface strains that include observational errors. During this study, the method of 
functional approximation of welding eigenstrains and the artificial noise method [7] were introduced. 
These are described below. 

 
 
 
 
 
 
 
 
 

 
 

 
 
 
 
 
 
 
 

First, logistic functions were used to express welding eigenstrains [13], as shown below: 

{ε*
s}(y)  = ∑

= ++

4

1 )exp(1
}{

i i

si

yqp
a ,   p = -5.0,  q1 = 0.60,  q2 = 0.40,  q3 = 0.30,  q4 = 0.25   (9) 

where the subscript s denotes any of the three directions - welding (x), perpendicular to the welding 
(y) and thickness (z) directions. The constants p and qi are determined such that eigenstrains are 
distributed within 40 mm in the y direction [14]. Therefore, the number of elements in the unknown 
vector {asi} becomes 12 (four functions in each direction). In the previous study, it was assumed that 
eigenstrains were not distributed along the welding and thickness directions [12]. In order to improve 
the estimation accuracy in this study, eigenstrain distributions in these directions were considered 
using the equation below instead of Eq. (9) [10].  

{ε*
s}(x, y, z)  = ∑

= −+++

+4

1
22 )/)(exp(1

)1}({
i i

si

ztyqp α

βa                     (10) 

where it is better to set constant t as the gross thickness that includes bead heights on the top and 
bottom. In this study, the value of t was set at 14 mm. The most probable values of α and β are 
determined based on the Response Surface methodology. Additionally, it was assumed that 
processing strains formed on the machined surface were constant along the welding direction, and 
that their values from y=0 mm to 2 mm and from 3 mm to 8 mm are equal. Consequently, the total 
number of unknown parameters of the processing strains was 6 (2 surfaces in each direction). 

The other approach to improve well-posedness of this inverse analysis is the used of the artificial 
noise method [7]. When the response matrix [R] with rank n is decomposed, the following equations 
can be obtained. 

Fig. 2  Measurement points before and after the removal. 

Table 2  Measurement conditions.  
Target Cr 
Tube voltage and current 40 kV, 200 mA 

Bragg’s angle (2θ0) 156 ° 

Incident angles (Ψ) 0, 18.4, 26.7, 33.2, 39.2, 45.0° 
 

(a) Before the removal. (b) After the removal. 

Fig. 3  An FEM model before the removal. 
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[R]+ = [U] [B]－ [V]T                                                 (11) 

[B]－ = 






 −

0
0

0
Bn ,   [Bn]－ =                                   ,    μ1 ≧ μ2 ≧ ... ≧ μn ≧ 0.         (12) 

If the absolute value of the singular value μj (1≦j≦n) reduces, measurement errors exert a larger 
effect on solutions. To eliminate this influence in the artificial noise method, [Bn_γ]－ is used instead 
of [Bn]－, as shown below: 

[Bn_γ]－ = ([B]2 + γ[I])－ [B]T                                                   (17) 

where [I] denotes a unit matrix. Solutions can be stabilized by increasing the value of the real 
number γ. In this inverse analysis, the L-curve method [15] was applied to determine the most 
probable value of γ. 

Estimated Results 
The most probable values of α and β were 
determined from a response surface (Fig. 4) to be 
0.7 and 0.010, respectively. The vertical axis in this 
graph is a residual norm that is a difference between 
the estimated and measured residual strains on the 
measurement points. Therefore, the most probable 
values can be found at the minimum value. 

The residual stresses at x=50 mm on the bottom 
surface estimated using this method are compared 
with residual stresses directly measured using X-ray 
diffraction (Fig. 5). The dashed green lines are the 
estimated values without considering eigenstrain 
distributions in the x and z directions. The residual 
stresses, estimated using α and β, are drawn by 
using solid blue lines. An almost equivalent estimation accuracy can be observed at x=50 mm on the 
bottom surface (Fig. 5(a)). On the other hand, estimation accuracy can be improved at y=10 mm by 
considering eigenstrain distributions (Fig. 5(b)). 

 
 
 
 
 
 
 
In this study, a linear gradient of eigenstrains was considered along the welding direction.  
 
 
 
 
 
 
 
 
 

Fig. 4  A response surface to determine the 
most probable values of α and β. 

(b) At y=10 mm. (a) At x=50 mm. 

Fig. 5  Exact and estimated residual stresses along the x direction on the bottom surface. The red 
lines are measured values using X-ray diffraction. Estimated residual stresses with and without 
considering eigenstrain distributions are drawn by the solid blue line and the broken green line, 
respectively  
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However, it might be better to use higher-degree equation for the approximation because residual 

stresses measured by X-ray diffraction were largely oscillated along the welding direction, as Fig. 
5(b). Eigenstrain distributions might be complicated by the oscillation of the heat source during 
welding. 

Summary 
The method that is based on the eigenstrain methodology and X-ray diffraction was applied on an 
actual butt-welded joint made of SUS430 to evaluate three-dimensional residual stresses. The 
estimation accuracy of this method was improved by considering the eigenstrain distributions along 
the welding and thickness directions. 
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